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Abstract

This research paper deals with the stability problem for a class of neutral-type Hopfield neural networks that involves discrete time
delays in the states of neurons and discrete neutral delays in the time derivatives of the states of neurons. By constructing a novel suitable
Lyapunov functional, an easily verifiable algebraic condition for global asymptotic stability of this type of Hopfield neural systems is
presented. This stability condition is absolutely independent of the discrete time and neutral delays. An instructive example is given to
demonstrate the applicability of the proposed condition.
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Ayrik Gecikmeli Notral-Tip Hopfield Yapay Sinir Aglarinin
Kararhhk Analizi

Oz-Tiirkce

Bu aragtirma makalesi, néron durumlarinin ayrik zaman gecikmeleri ve ndron durumlarinin tiirevlerinin ayrik noétral gecikmeler igerdigi
ndtral-tip Hopfiled yapay sinir aglarinin kararlilik problemi ile ilgilenmektedir. Yeni ve uygun bir Lyapunov fonksiyonu kullanilarak,
bu tip Hopfield yapay sinir aglarinin kararlilig1 i¢in, yeni ve kolayca dogrulanabilir cebirsel olarak ifade edilen bir kosul sunulmaktadir.
Bu kararlilik kosulu kesinlikle hem ayrik zaman gecikmeleri hem de ayrik notral gecikmelerinden bagimsizdir. Elde edilen kararlilik
kosulunun uygulanabilirligini gdstermek i¢in 6gretici bir sayisal drnek verilmistir.

Anahtar Kelimeler: Noétral Sistemler, Hopfield Yapay Sinir Aglari, Lyapunov Fonksiyonlari, Kararlilik Analizi.

1. Introduction

Recently, the class of Hopfield neural networks has been used in many critical engineering applications associated with image
processing,  pattern recognitions and optimization related problems [1]-[5]. In these typical engineering applications of this neural
network, the main problem is to know the requirement for the desired dynamical behavior of this neural network. For instance, in case
of optimization problems, the critical point is that this neural network must converge some unique and globally asymptotically stable
equilibrium points. A critical issue is that the dynamics of a neural network can be changed by different external parameters. Specially,
the electronically implemented neural networks can show undesired dynamical activities due to the time delays caused by finite
switching speed of electronic elements and signal processing times of neurons. Therefore, it would be appropriate to represent these
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time delays in the dynamical modelling of these systems. Presently, many research papers have studied the stability of Hopfield neural
networks involving discrete time delays [6]-[12]. It is important to mention that the neural networks including time delays may not
always reveal the desired dynamics of neuronal reaction process because of some strange complicated dynamical activities of
interactions taking place between the neurons. Thus, It is of crucial importance to introduce the meaningful information associated
with the time derivatives of states of the neurons when establishing the dynamical representations of these systems for identifying the
complete dynamics of these types of complex neuronal interactions. This task is carried out by presenting the additional delays to time
derivatives of states of neurons. Neural networks whose mathematical models involve both different time delays in states of neurons
and different neutral delays in time derivatives of states of neurons are called neutral-type neural networks. These types of networks
have been proved to be effective systems in many applications in the fields of the population ecology, distributed networks involving
lossless transmission lines [13]-[15].

This paper will analyze a neutral-type Hopfield neural network which involves different discrete time delays in states of neurons
and different discrete neutral delays time derivatives of the states of neurons. Such a neural network possesses a dynamics that is
governed by the dynamical equations:

n n n
x%;(t) + Z e )'cj(t - ij) = —cx;(t) + Z a;jfj (xj(t)) + Z bi;f; (xj(t - Tj)) +u, i=12,...,n (D
j=1 j=1 j=1
where x;(t) is a state variable representing ith neuron, c; represent some positive constants. The constants a;; and b;; are
interconnection parameters. Discrete time delays are denoted by 7; and discrete neutral delays are denoted by {;, 1 <j <n. The
e;j are the constant parameters associated with time derivatives of the states having discrete neutral delays. The f;(x;(t)) are the
activation functions and  u; are the inputs. In neutral-type Hopfield neural network given by (1), denote T = max{z;}, { = max{{;},
1<j<n,and Q = max{r,}. Thus, neural network (1) can be defined by the initial conditions of  x;(t) = ¢;(t) and %;(¢t) =
9;(t) in C([—Q,0],R) . We also note that C([—, 0], R) include the real valued functions which are assumed to be defined from
[-Q,0] toR.

In dealing with the dynamical analysis associated with investigated stability issues of neutral neural system represented with equation
(1), the basic property that is needed to be satisfied by the activation functions f;(x;(t)) is an important concept. Therefore, it is first
required to determine basic characteristics of these activation functions employed in (1). In the literature, it is customary to assume that
there exist positive Lipschitz constants ¢; such that

|fi(xi(t)) - fi(yi(t))| < 4ilx; (&) — yi (O, Vx; (t), Vy;(t) € R, x;(t) # y;(t), Vi, 2)

The formulation of neural system (1) is of a mathematical nature that allows us to put system (1) in a form of vectors and matrices as
shown in the following equation:

x (@) +Ex(t—0) =—Cx(t) + Af(x(®) + Bf (x(t — 1)) + u 3)
where C = diag(c; > 0), A = (aij)nxn> B = (bij)nxn and E = (€;;)nxn represent the connection matrices of system (1).

x(1) = (11 (0, 22(8), e, 1 ()T, () = (11 (0, %2(8), e, T ()T, Fx (@) = (fiCer (D), f2 (62 (D)), .o, f (e (D)),
fat-1) = (0t = D) ot = D), oo, fulenE =D, 2= = (=, %2t = O, Xt = DT,

u= (Ug, Uy, .., uy)’

If neutral-type neural networks possess discrete delays, then the mathematical models of these neural systems can be formulated in
the forms of vectors and matrices. Then, we may study the stability of these neural network models by exploiting linear matrix inequality
approach combining with the other appropriate mathematical tools and methods. In [16]-[25], the stability of neutral neural-type
networks defined by (6) have been studied and by constructing some classes of suitable Lyapunov functionals together with employing
some lemmas and new mathematical techniques, different sets of novel stability results on the considered neutral-type neural networks
of various forms of linear matrix inequalities have been presented. In [26]-[31], new global stability criteria for system (6) in the forms
of different representations of linear matrix inequality formulations have been proposed by employing various proper Lyapunov
functionals with the triple or four integral terms. In [32] and [33] various stability problems for neutral-type neural networks defined
by (4) have been investigated, in which, by making the use of semi-free weighting matrix techniques and an augmented Lyapunov
functional, some less conservative and restrictive global stability conditions via linear matrix inequalities have been presented. In [34],
the stability for Hopfield neural networks of neutral-type possessing discrete delays has been suitable conducted, and by utilizing a
proper Lyapunov functional that makes a combination of the descriptor model transformation, a novel stability criterion has been
formulated in linear matrix inequalities. In [35], stability of neural system defined by (4) has been addressed and by proposing a
appropriate Lyapunov functionals utilizing Auxiliary function-type integral inequalities and reciprocally convex method, some sets of
stability results via linear matrix inequalities have been obtained. In [36], the Lagrange stability issue of neutral-type neural systems
having mixed delays has been analyzed, and by utilizing the proper Lyapunov functionals and applying some appropriate linear matrix
inequality techniques, various sufficient criteria have been obtained to assure Lagrange stability of this model of considered neural
network system. In [37], the issues associated with stability of neutral type singular neural systems involving different delay parameters
have been studied, and by exploiting a novel adequate Lyapunov functional and some rarely integral inequalities, a new global
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asymptotic stability condition via linear matrix inequality has been derived. In [38], dynamical issues of neural networks of neutral type
possessing some various delay parameters have been analysed, and various stability results have been derived employing linear matrix
inequality together with Razumikhin-type approaches.

Note that the results of [17]-[39] employ some various classes of linear matrix inequality tolls to derive different sets of sufficient
stability conditions for system (6). However, the global stability results derived via linear matrix inequality method are required to test
some negative definite properties of very high dimensional matrices whose elements are established by the system parameters of neural
networks. Due to these complex and costly calculation problems, it becomes necessity to obtain different stability conditions for system
(6), that are not expressed in linear matrix inequality forms. In this concept, this paper will focus on the dynamical analysis of system
(6) to derive some easily verifiable algebraic stability conditions.

2. Stability Analysis

The basic contribution of this section will be deriving some stability conditions ensuring the stability of neutral-type Hopfield
neural system whose model is given by (1). We now proceed with a first step to simplify the proofs of the stability conditions. This step
needs to transform the equilibrium points equilibrium points x* = (xj, x5, ..., x;:)Tof Hopfield-type neural network represented by
equation (1) to the origin. This will be achieved by utilizing the simple formula z;(t) = x;(t) — x;, which turns neutral-type neural
network (1) to an equivalent neutral-type neural network represented by the following differential equations:

A0+ ) ey 5t =0 = —em(® + ) ayg; (5®)+ ) byg; (5 -0),i=12,..m )
j=1 j=1 j=1

where the new activation functions are determined to be in the form gi(zi (t)) = fi(z;(t) + x{) — fi(x]), Vi. In the light of (2), the
functions g;(z;(t)) justify the following conditions :

l9:(z:(®))] < €:12:(D)], vz (t) € R, Vi (5)

The formulation of neural system (4) is of a mathematical nature that allows us to put system (1) in a form of vectors and matrices as
shown in the following equation:

Z(t) + Ez(t — () = —Cz(t) + Ag(z(t) + Bg(z(t — 1)) (6)

where  z(t) = (z,(), (), ., 2, (1)), 2(O) = (Z4(0), 2, (D), .., (D))", g (2(1)) = (91(x, (1)), G2 (22 (D)), -, G (Zn (D))",
gzt = 1) = (91(2:(t = 1)), 2 (25 (t = 1)), ., Gn(Zn(t =TT, 2(t = ) = (24(t = 0), Z,(t = ), .., Zp(E = D).

We are now in the position to state the contribution of the paper by a theorem stated as follows :

Theorem 1 : For neutral-type Hopfield neural system (6), assume that the activation functions g; (Zi(t)) satisfy (5). Then, the origin
of system (6) is globally asymptotically stable, if the following conditions hold:

8 = ci — (1413 + 211 Al IBll2 + 1BIIS) €Y — 2¢HIIEN, — cmllENUIANlz + 1Bl EE — eullEN (1Al + 11Bll2) > 0

and
n

ei:1_2|eﬁ|, i=1,2,...,n

j=1
Proof : This theorem will be proved by using the state transformation approach. To this end, we define the following:
n
yl(t) =Zl(t) +Z€L]Z](t—qj), i= 1,2,,n (7)
=1
or equivalently
y(©) = z(t) + Ez(t - {) 8

In this case, taking the time derivatives of both sides of equation (7) yields:

0 =Z'i(t)+Zei]-Z'j(t—fj), i=12..,n ©)

j=1
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Equation (7) is equivalent to the following
y(@) =z(t) + EZ(t - () (10)
Combining (9) with (4) leads to
n n
yl(t) = —cizi(t) + Z aL]gJ (Z](t)) + Z b”g] (Z](t - T)) ,i=1,2,...,n. (11)
j=1 j=1

(11) can be written in form of matrices and vectors as stated below

y(t) = —=Cz(t) + Ag(z(t) + Bg(z(t — 7)) (12)
We can now proceed further to construct a proper Lyapunov functional for the stability analysis of system (6) defined by :
n n ¢ n t n t
VO =Y @+ [ si@ds+@rpy [ @ds+@iny [ a s (13)
i=1 i=1tCi i=1 T i=1 ¢

In (13), o, B and y represent some positive real constants whose appropriate numerical values will be specified in what follows. The
time derivative V (t) of the Lyapunov functional V(t) along the trajectories of system (6) is calculated to be in the form:

V() = Zici yi(®) y:i(®) + iyiz Ok iy? (t=3)+(a+ B)iz?(t)
~(a+ s)izf(t —T) +(a+ y)iz?(t) ~(a+ y)izm -4
= = =
< 22@- yi(®) y:(®) +iyi2 )+ (e + B)izf(t)
—(a+ B)iziz(t 1)+ (a+ V)iziz(t) —(a+ V)iziz(t —Gi) (14)

(14) can be rewritten in matrix and vector form by the following inequality:

V() <2yTOCy®) +yT (@) y(®) + Qo+ B+ 1)z"(0)z(t) — (@ + B)z" (¢t —1)z(t — 1) — (@ + )z (t — Dzt — O)
= (2y"OC+yT(®O))y(®) + Qa+B+Y)z"()z(t) — (a + B)z"(t — Dz(t — 1) — (@ + ¥)z" (t — Dz(t — )

= (2Cy(®) +¥(®) ¥(®) + Qa+ B+ 12" (O)z2(t) — (@ + P2"(t — Dz(t — 1) — (@ + 2" (t - Dzt =) (15)
Using (8) and (10) in (15) results in

V(t) < (2C(z(t) + Ez(t — {)) — Cz() + Ag(z(t)) + Bg(z(t — 1)))" (—Cz(t) + Ag(z(t)) + Bg(z(t — 1)))
+QRa+B+y)z"()z(t) — (@ +P)z" (t —D)z(t — 1) — (@ +Y)z" (t — Dz(t — )
= (Cz(t) + 2CEz(t — {) + Ag(z(t)) + Bg(z(t — 1)))"(—Cz(t) + Ag(z(t)) + Bg(z(t — 1)))
+Qa+B+y)z"®)z(t) — (@ +B)z"(t — Dzt — 1) — (@ + y)z" (t = Dz(t = )
= —zT(£)C%z(t) — 227 (t — OETC?z(t) + 227(t — OETCAg(2(t)) + 227 (t — OETCBg(z(t — 1)))

+g" (2()ATAg(z(1)) + g7 (2(t —1))) B"Bg(z(t — 1)) + 29" (2(t))A"Bg(z(t — 1))
+Qa+B+1z' (Oz() — (¢ +B)z" (t —Dz(t — 1) — (@ + V2"t = Dz(t = ) (16)

First note the inequalities
2T (t)C%z(t) < —cGllz(®)II3 (17)
=227 (t = DETC?2(t) < 2ci IEN Nzl z(t = DIl < chllENNZON5 + il ENl Nzt = D3 (18)

22" (t = DETCAg(z(t)) < 2cy IIAlNENNlg (z(E)I2llz(t = DI
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< cu ||A||z|IE||z||g(Z(t))||z + ey 1Al IENNIz(e = OII3 (19)

22" (t = DETCBg(z(t — 1)) < 2cy IBIIENNg(z(t — )l2llz(t = DI

< oy IBILIEN|lg(2Ct = D) + cw IBILNENNz(t — DII3 (20)
9" (2())ATAg(z(D) < 114139 (zD)|; 1)
9" (2(t = )B"Bg(2(t — 1)) < [1BI3||g(z(t - D)||; (22)

297 (2(t))A"Bg (z(t - 1)) < 201 All 1Bl [|g(z(0) ||, ll9 (z(t — D),
< 1411181l g (z®)|; + 1411111l ]|g (z(t — )| (23)

where c¢,, = min{c;} and c); = max{c;}. Inserting (17)-(23) into (16) yields:

V() < —cqpllz®N3 + il ENNzON3 + clENNzZE — DIIE + e IAlLNENNgZENE + eu IANIEN Nz = DI
+ cu IBIIIE N lg (z(t = DNZ + cu IBINENNz(E — OIZ + AIZIg zEDIIZ + IBIIZIlg (2t — D)IIZ
+ 1Al 1I1Bll2lg )3 + I1All211Bll2llg (z(t — D)3
+Qa+B+1)z' (Oz() — (a +B)z" (t —Dz(t — 1) — (@ + V)2t = Dz(t = ) (24)

Since |lg(z(O)I7 < £511z(O113 and llg(z(t — )3 < €3llz(t — DII3, (24) can be written as

V(©) < =callz@®N3 + cHIENNIzON3 + I EN Nz — O3 + e AlNEN 65 12113
+eu AILIENNzZE = DIZ + cu IBILNEN 511z — D3 + cu IBINEN Nz — DII3
A5 1zON1F + 1BI3L5 11z — D3 + NAlLIBI 5 z@ON3 + 1Al 1Bl£5 1z — D3
+Qa+ B+ NIz®OIIZ — (@ + Bzt — DI = (@ + izt — DI (25)

where £, = max{?;}. We make the following choices for the values of # andy:

B = cu IBILIEN €5 + IBI5€3 + Al NIBIl €5 (26)
and
¥ = cullEll; + cu AINEN, + e IBINE], (27)

Inserting (26) and (27) into (25) yields

V(t) < (=ch + cillEll, + e NAILNENAS + 1ANGE + NAlLBI i) llz)1I3
+(em IBINEN 25 + 11BIG €5 + AlLNIBI €% + cillEllz + cm AILNENL + ey IBINEND 2113
+2allz@®|I5 — allz(t — DI — allzt — DII5
= —(ch — (Al + 211l IBIl; + IBI3) % + 2cilIEN2 + e EN AANL + 1Bl (€3 + I)IZ(OII3
+2allz(O|15 — allz(t — D5 — allz(t - DII3
= =8zl + 2allz(®)]3 — allz(t — DI — allz(t — DII3 (28)
(28) satisfies

V) < =8llz3 + 2allz®l3 = —(6 = 2a)llz(®)1I3 (29)
In (29), the choice 2a < & implies that V (t) will be negative definite for all z(t) # 0.
Let z(t) = 0. Then, from (28), we state the following inequality

Vi) s —allzt =0l —allz(t = DIF < —allz(t - 0)l3 (30)
Since a > 0, it can be directly concluded from (30) that if z(t — 7) # 0, then V(¢) will be negative definite.
Let z(t) = 0 and z(t — ) = 0. Then, from (28), we state the following inequality

V) < —allz(t - DI (B1)
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Since a > 0, it can be directly concluded from (31) that if z(t — ¢) # 0, then V(t) will be negative definite.

Letz(t) =0, z(t — 1) = 0 and z(t — {) = 0. then, from (12), it follows that y(¢t) = 0. In this case, V (t) given by (14) takes the from:

V() = —llyt - Ol (32)
In (32), it is easy to observe that V(t) < 0 if y(t — {) # 0, and V(t) = 0 if y(t — {) = 0. This leads the fact of V(t) = 0 if and only
if z(t)=0,9@z{t)=0,zt—1)=0, g(z(t —1)) =0,z(t — ) = 0 and y(t — {) = 0. This directly means that V(t) < 0 in all
the other cases. This analysis leads us to indicate that the origin of (6) is asymptotically stable. We now need to establish that system
(6) is also globally stable. For this purpose, one needs to prove that V(t) is radially unbounded. This is equivalent to satisfy the condition
of V(t) » o as ||z(t)]| = .

Since

yi(t) = z;(t) + Z eiij(t - (j), i=12,..,n

j=1
We can write
;
21 < @1+ ) leyllzE =1, i =1,2,,n (33)
j=1

Now, choose a positive constant T such that 0 < t < T. Then, (33) can be written as

n n
2O < (O] + Y ey SUP [2,O1+ ) ley| SUP 12,1, i=1.2,...n (34)
= 0<t<T =1 -Q<t<0
(34) can be written as
n n
sup |z ()] < sup |yi(t)|+Z|eU|Sup |zj(t)|+2|el-j| sup |z;@®)], i=12,..,n (35)
0<t<T 0<t<T = 0<t<T = -Q<t<0
From (35), we obtain
n n n n n n
D supIzO] < DT SUp (O] + ) ) [ey| SUp 12,1+ D) ley] SUp 120 (35)
=] Ost<T ] Ost<T = 0<t<T =t -Q<t<0
(35) implies the following inequality
n n n n n
D A= leah sUp (O] < ) SUp @1 + ) > ley| sup Iz(o) 36)
= = 0<t<T o ost<T e ~Qst<0
Let e,, = min{e;}. Then, (36) takes the form
n n n n
en . SUP 2(D] < Y SUP (] + Y > ley] SUP 1,0 (37)
o o<t<T o ost<T it -Q<t<0
From (37), we obtain
n n
e SUP l2(®)ll < SUP ly(@®)ll + Y ) ley] SUp 1] (38)
0<t<T 0<t<T T =1 —Q<t<0

Since the term

n n
ZZ|€U| sup |z;(®)|
o —eas
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is bounded, it follows form (38) that if ||z(t)||; = oo, then ||y (t)|l; = 0. V(t) given by (13) ensures the following

n

VO 2 ) ayE©) 2 o O3
i=1
Since [ly (D113 = 1 ly(©)IF, we get that

c
v = 2 Iy©IR
Thus, [|z(t)|l; = oo also implies that V(t) - o . Q.E.D.

3. An Instructive Example
This section considers an example to demonstrate the applicability of the propose stability result.

Example: Consider the neutral system given by (1) which have the following matrices:

11 1 1 1 11 1 1 1 e e e e
_f1r -1 1 -1 _f1r -1 1 -1 _|le e e e
A_81 1 -1 -1| 8_81 1 -1 —1’E e e e ¢

-1 1 1 -1 -1 1 1 -1 e e e ¢

1 0 0 O 1 0 0 O
10 1. 0 0 1010 0
C_0010’ L_0010

0 0 0 1 0 0 0 1

. .. . 1 1
where e is a positive constant. From the above matrices, we calculate : ¢, = 1,: ¢y =1, : €y, =1, ||All, = > [I1B]l, = " and

[|E]l, = 4e. Then, the conditions of Theorem 1 are determined to satisfy the conditions:

6=1 ! 8 4—3 12¢ >0
= 3 8e—de=7 e

and
e=1—4e>0, i=1,234.

Thus, for this example, e < % is determined to be a sufficient condition for stability of neural system (1).

4. Conclusions

This research work has addressed stability problem for neutral-type Hopfield neural networks involving discrete time delays in the states
of neurons and discrete neutral delays in the time derivatives of the states of neurons. By utilizing an appropriate Lyapunov functional,
an easily verifiable algebraic criterion for global asymptotic stability of the class of Hopfield neural systems of neutral type has been
presented. This stability condition proved to absolutely independent of the discrete time and neutral delays. An instructive example has
been given to demonstrate the applicability of the proposed global stability condition.
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