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Abstract

In this paper, a new algorithm is developed to solve a two dimensional supersonic flow around a wedge-shaped airfoil. The MacCormack
predictor-corrector method is utilized to develop a solution. To further investigate the flow properties, a numerical algorithm written in
C++ has been compiled so that it may be compared to commercial softwares. The developed algorithm is compiled and run with the
initial conditions of a free stream Mach number of 2 while the wedge angle is set at 15°. The compiled program revealed that the flow
velocities increased without bound. Adjustment of this condition was achieved by adding artificial dissipation. The addition of
dissipation term into the code resulted stable output and the presence of a shock. Same case was also simulated with ANSYS Fluent
and CFL3D softwares using second order discretization.
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Kama Sekilli Kanat Uzerindeki Siipersonik Akis1 Cozmek icin Sayisal
Bir Algoritma

Oz

Bu makalede, kama seklindeki bir kanat profili etrafindaki iki boyutlu siipersonik akisi ¢6zmek igin yeni bir algoritma gelistirilmistir.
Coziimii tiretmek icin MacCormack kestirici-diizeltici yonteminden fayda saglanmistir. Akis 6zelliklerini daha detayli incelemek igin
C++ yazilim dilinde bir sayisal algoritma derlenmis ve bdylece ticari yazilimlar ile kiyas yapilmasi saglanmistir. Baglangi¢ sartlar
olarak serbest akim Mach sayis1 2 ve kama agis1 15° olacak sekilde gelistirilen algoritma derlenmis ve ¢alistirilmistir. Derlenen
programin aciga ¢ikardigi sonug ile akis hizlarinin sinirsiz sekilde arttigi gézlemlenmistir. Bu durumun diizeltilmesi ise algoritmaya
suni dagilim terimi eklenerek yapilmistir. Suni dagilim teriminin gelistirilen koda eklenmesi ile sonug istikrarli olmus ve beklenen sokun
gozlemlenmesine neden olmustur. Ayn1 durum ayrica ANSY'S Fluent ve CFL3D yazilimlari ile ikinci derecede kesikli hale getirilerek
de simiile edilmistir.
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1. Introduction

In fluid dynamics perspective, precise analysis and solution of fluid flow around a supersonic aircraft is of great importance. The
application under consideration in this paper is to develop a new algorithm to study the case of supersonic flow over a wedge-shaped
airfoil. Several numerical schemes are capable of providing the necessary requirements for this task. A thorough review of these schemes
needs to be performed to comprehend programming necessities.

The MacCormack explicit scheme (MacCormack, 1969; MacCormack, 1982; Ngondiep, 2019) is a two-step, predictor-corrector
scheme based on Lax-Wendroff discretization (Lax and Wendroff, 1960; Leveque, 1992; Li et al., 2011). For linear applications, the
MacCormack scheme is identical to Lax-Wendroff. In this scheme, predicted values are defined at point j + 1 and point i, followed by
a corrector step where f;" = f(U;"). The scheme can be written as follows:

i =} = (i~ 1)) (1)
j 1 j * 1 * *
vl =2 (U] + U7) = ST - fi) @

The first equation, the predictor, is a first-order forward discretization in space, and is unstable for supersonic flows. The second
equation, the corrector, is a backward difference first-order discretization scheme that is unstable is subsonic flows. However, the
combined scheme is stable, and of second order accuracy due to the cancellations of the truncation errors at each step (Leveque, 1992;
Zeng, 2015). An additional advantage of this scheme is that the Jacobian Matrix does not appear.

The Beam and Warming implicit scheme (Beam and Warming, 1976; Beam and Warming, 1978; Strikwerda, 2004; Xiao, 2014)
was developed by applying linear multi-step integration schemes to the space-discretized Euler equations (Leveque, 1992; Strikwerda,
2004; Laney, 1998; Zeng, 2015). Applying central discretizations, the second-order spatial accurate scheme can be developed.

Through Von Neumann stability analysis, it can be seen that for high frequencies, this scheme is non-dissipative (Leveque, 1992;
Strikwerda, 2004; von Neuman and Richtmyer, 1950; Konangi et al., 2016). As a consequence large oscillations will be apparent in
regions around a shock wave, and artificial dissipation will have to be added to the scheme (Degani and Fox, 1994; Cavus, 2013).
Additionally, the implicit scheme will require a solution to a tridiagonal matrix (Strikwerda, 2004; Laney, 1998; von Neuman and
Richtmyer, 1950; Konangi et al., 2016).

The Jameson explicit scheme (Jameson et al., 1981; Ganzha and Vorozhtsov, 1996; Jameson and Baker, 1987; Singh et al., 2015)
utilizes a Runge-Kutta multi-stage time integration (Jameson et al., 1981; Jeon et al., 2017) to the central discretization of the flux
balance. This method involves a combination of efficient components such as dissipation terms, convergence acceleration and multi-
grid techniques (Ganzha and Vorozhtsov, 1996). These components can be exploited to provide maximum curve smoothing properties.
The four-step scheme is as follows (Strikwerda, 2004; Ganzha and Vorozhtsov, 1996).

u = up (3a)
UL = U} — a, AtRUY, (3b)
UZ = UP — ayAtRU}; (e)
U} = UP — asAtRU? (3d)
URH! = UL — AtRU}, (e)

where Ui4j = Ui’}“. Using a, = 1/4, a, = 1/3, @, = 1/2, a fourth-order accurate scheme can be obtained. Further complication with
this scheme comes from the formulation of the R;; and D;; matrices. Additionally, further dissipations terms are still required to control
the high-frequency waves, which are not damped by the scheme.

The Courant Flux-Differencing scheme (Strikwerda, 2004; Durran, 2010) is an upwind scheme based on central space
discretization. This scheme requires physical propagation information contained within the equations, but shock-fitting is necessary in
the presence in discontinuity. For eigenvalues greater than zero, the following first-order accurate, stable scheme is used:

Ut = Ul = o(U = UL (4)

With the eigenvalue equal to zero, the viscosity term of the equation vanishes. Hence, this scheme may be expected to lead to a better
representation of shock discontinuities.

The application under consideration in this paper is to develop an algorithm to study the case of supersonic flow over a wedge-
shaped airfoil. The numerical algorithm will be compiled and run with the initial conditions of a free stream Mach Number of 2 while
the wedge angle is set at 15°. Additionally, the algorithm shall be manipulated to compute inviscid, viscous, steady, and unsteady models.

Several numerical schemes are capable of providing the necessary requirements of this study. A thorough review of these schemes
was performed to better understand the accuracy, programming methods, and stability needed for performance of this study.

In the solution of the aforementioned study, the MacCormack method is utilized to develop a solution. This method has been chosen
due to the simple two-step scheme, and second-order accuracy. Additionally, the explicit nature of this scheme provides further
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simplification in writing the code and does not require a tridiagonal matrix solution. This method will be discussed more in the next
section of this paper.

2. Algorithm — Method of Solution

The steady, two dimensional Euler equations in Cartesian coordinate system are:

a a

5 (W) +5-(pv) =0 ©)
:—x (pu? + P) + :—y (pv) =0 (6)
= (puv) + %(pv2 +P)=0 (7)

For inviscid, steady flow that originates from uniform conditions, the energy equation reduces to:

YyP u?+v?

hy = constant = prey . )
The Euler equations can be rewritten in the form:
SH=0 ©)
where
E=[pu pu®?+P puv]t (10a)
F=[pv puv pv?+P]* (10b)

The problem under consideration involves flow over a wedge. In order to analyze this problem, a coordinate transformation was
used in which the coordinate & = x which is aligned with the surface of the wedge and the coordinate = y/x. Using this coordinate
transformation, the shock coincides with a coordinate line 7 = constant. This problem is first analyzed using the assumptions of an
inviscid and steady flow. To begin, equation 9 must be transformed to the new coordinate system. Using the chain rule, one can obtain

06 _ 9538 9E0n _0F () | OF (v 9 _ ok
0x_B§Bx+aan_af(1)+an x2) 98¢  &an (11)

OF _ 0F3E | oFon _ oF (1) _ 10F
ay 0ty Bnay_an(x)_fan (12)
and using this transformation, equation 9 becomes
oE 0E  OF
fE—T]%‘Fa—O (13)
By adding and substracting E, this equation can be rewritten in the form:
3 .5 3 = =
7 GE) +5 (F—nE)=0 (14)
or alternatively,
0E  OF
i 0 (15)
where
E=¢E (16)
F=F—-nE 17)

This problem is being solved using Maccormack's Explicit Scheme which involves a predictor and a corrector step. To begin, the step
sizes must first be calculated. For stability, it can be seen that

Ay
[tan(8+1)lmax (18)

where
6 =tan"" () (19)
u = sin? (i) (20)

This stability criteria must be transformed to the new coordinate system as follows:
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dnzz—de+Z—Zdy=;—fdx+idy ==gdx+%dy 2D
or
anf = = Zaxf + 2y 22
i i
where
Axf = A; (23)

which is set by the stability condition above. We also have that

P P Lo , —niaxi+ayl)(i-1)
L= (- DAni = —1(—"—’.A.‘+1.A !>=("”—.’ 24
TI](I)TI,(])%X, 74 7 (24)
and therefore
i U-DAy]
= &+(j-1Ax; (25)
Once these are known, the predictor step of the MacCormack scheme can be computed as follows:
pit1 — pi A¢j Pl _pi 2
j —f_m(m_j) (26)
and once E{*" is calculated, the value of Ef** can be calculated from
E-ji+1 — le E}l+1 (27)
Once these values are known, this vector must be decomposed to it components and they will be defined using equation 10
E =E" = (i (28)
E, =B = (pu? + P)i"t (29)
Ey=E;" = (puv)i™t (30)
By manipulating these variables, the values for the density, velocity components, and pressure can be calculated from the equations
v = E3 (31)
vE; |7 _ ¥t — 2
y+1 51 \[ - 1)51 y+1 (2ho —v?) (32)
P =E, —pu? (33)

where the value for u is taken as the supersonic value. Using these, we can calculate the F}“ using following values:

Fl+1 _ [(pv)”l (puv)l“ (pvz +P)§-+1] (34)

and then 13]-"+1 can be calculated using equations 16 and 17. Now, the corrector step can be calculated by using the equation:

pi+l _ Y pi pitl Afji' pi+l _ pi+l
B —;[Ej‘+E} —E(F;‘ - FY) (35)

and similar to what has been done earlier, this vector can be decomposed to the values for the density, velocity components, and pressure
at the i + 1 location. Since for this first case the flow is conical, that means the values at all i locations for a specific j ray. In order to
enforce this condition, this procedure should be repeated with the new values and continued until the values of the density, velocity
components, and pressure do not change between the i and i + 1 locations and then this same procedure should be repeated at the next
Jj location.

If we reconsider the Euler equations above but now considering the unsteady equations, the equations become

ag  9E nodE  10F

ot Tot ton TEam = 0 (36)
and rearranging this equation in the same manner as before, one obtains
9Q L 9E L OF _ (37)

at ' & | o
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where
0=¢q=¢lp pu pv pet (38)
E=¢E= f[pu pu?+P puv p (et + g) u]t (39)
F=F-nE= [pv—npu puv —npu® —nP pv? + P —npuv p(et+§)v—np(et+£)u]t (40)
As has been done before, a predictor and corrector step must be performed and the predictor step is performed using the equation
0 = Q= 3¢ (Bl = B1) = 5 (Bl — B) @1)
and the corrector is performed by using the equation
n+1 [Ql} + Qn+1 At (E'Z,ljﬂ +11] At (Fn+1 Fn+11)] (42)

Next, we will consider the Euler equations including the viscous terms which are:

03 | 9(E-Ey) | 9(F-F)

at ox 5 0 43)

and this can be rewritten in the following form:

_+_+;=;+; (44)

3. Results and Discussion

Prior to test the new algorithm, supersonic flow around the wedge was simulated with ANSYS Fluent and CFL3D softwares. A
tetrahedral mesh is generated around the wedge with no additional refinement near the shock. The initial conditions of the stationary
fluid were set as p = 1kg-m™3, P = 1 bar, and T = 300 K. Supersonic flow around the wedge is simulated at free stream Mach
number of 2 and 0° angle of attack. Second order discretization was used. This indeed provides more accurate solution but it is more
difficult to obtain converged solution. The solution was iterated until the residual for each equation falls below 107°. The residuals after
1000 iterations are not below the convergence criterion. Then the solution was run for another 1000 iterations and it converged in about
1510 iterations. As can be seen from Figure 1 and Figure 2, the shock is clearly observed.

Figure 1. ANSYS Fluent simulation of supersonic flow around a wedge.
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Figure 2. CFL3D simulation of supersonic flow around a wedge.

To investigate the flow properties of this study, a numerical algorithm has been compiled so that it may be compared to experimental
data, as well as commercial programs. The algorithm has been written in C++, and uses the macCormack Predictor-Corrector method.
The corrector computation step of the code is presented below.

i=0;3=1;

while (i<100)

{J=1;PP[0] [1]=P;

while (§<11)

{
pli+1]1[J1=PP[i][j+1] -2*PP[i][]J] +PP[i][]J-11;
pp[i+1]1[J]1=PP[i][j+1] -2*PP[i][j] +PP[i][J-11;
if (p[i+1]1[J]1 <0)
{ pli+1]1[J]=-1*p[i+1]1[]]1;}
else
{if (pp[i+1]1[31==0)
{ pp[i+1]1[J1=.0001;}}
ds[i+1]1[3]=p[i+11[3]/pp[i+111[31;

Ecl[i+1][j]=.5* (Ecl[i] [J]1-E1[i+1][J]~- (dx/dy)* (Fcl[i+1][j]- Fcl[i+1][j-1]1))~-
c*(1.5*F1[i] [§+1] - 2*F1[i][j] +.5*F1[i][j-11);
Ec2[i+1][]]=.5*(Ec2[1] [J]-E2[i+1][]]- (dx/dy)*(Fc2[i+1][j]- Fc2[i+1]1[]-11))~-

c*(1.5*F2[1] [§+1] - 2*F2[i][3§] +.5*F2[i][3-11);
Ec3[i+1][]j1=.5*(Ec3[1i][J]1-E2[i+1][j]- (dx/dy)*(Fc3[i+1][j]- Fc3[i+1]1[]j-11))-
c* (1.5*F3[1] [§+1] - 2*F3[i][3§] +.5*F3[i][3-11);

VIi+1] [§1=Ec3[i+1][§]1/Ecl[i+1]1[3];
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This program utilizes the steady flow, inviscid scenario. To numerically calculate the flow properties, the problem has been treated
as if the top of the wedge is at 15°, with a horizontal incoming flow at Mach 2 (Figure 3).

™8 =15°
4

Wedge

Figure 3. Illustration of supersonic flow over a wedge.

The initial conditions of this problem have been set based on standard atmospheric stagnation temperature and pressure, and using
the isentropic flow equations.

P T
5 =01278 = 05556 (45)

These values were placed into the grid at the i = 0 through i = 8 columns, for all j values. The wedge tip begins at i = 9, and will
require boundary conditions rather than initial conditions.

The boundary conditions have been determined based on oblique shock equations, and enforced at j = 0, for i = 9 through i = 100.
The inviscid model being used here requires the v values set to 0 along the wedge wall. The u values have been determined using the
oblique shock equations below for a free stream mach number set at 2, and a turning angle of 15°.

- P2 _ L _
M, = 1.44 P 2.195 = 1.269 (46)
These relations have been used in conjunction with the definition of Mach number to determine the post-shock u values. This program,
to calculate the Euler equations, utilizes the MacCormack method, used simultaneously with a rectangular grid to determine the flow
properties. Upon compiling the program, it could be seen that the flow velocities increased without bound. To correct this condition,

artificial dissipation has been added as shown below.
c(Epagj+n = 2B + Eray-u) (47)

Here, E values are set at E;, E,, and E5 respectively. The ¢ value was set at 0.2 while running this program. The addition of dissipation
into this code yielded stable results and the presence of a shock.

Upon compiling and running this program, it is evident that a shock is present as shown in Figure 4. A detailed figure of the shock
region is also presented in Figure 5. Unfortunately, it appears as if the shock is a normal shock, rather than the expected oblique shock.
Sample output data has been plotted on a graph vs the length of the wedge below. It is expected that this error is being created by the
enforcement of the initial and boundary conditions. Through the data found on a later page, it is seen that until reaching the wedge tip,
the flow is uniform for all i's and j's. At i = 9, where the wedge begins, a significant pressure increase is seen. This pressure increase
is due to the shock, and the shock is of nearly the same strength for all j's, with just a slight decrease in shock strength as j increases.
After the shock, the flow properties remain fairly constant as expected. The discrepancy in the presence of a normal shock will continue
to be investigated.
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Figure 4. Variation of pressure through wedge. A shock is observed at i = 9.
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Figure 5. Zoomed-in figure of Figure 4.

4. Conclusion

In this study, the shock phenomenon over a 2-D wedge-shaped airfoil is numerically investigated. Several numerical schemes are
capable of providing the neccesary requirements of this study. A thorough review of these schemes was performed to better understand
the accuracy, programming methods, and stability needed for performance of this study. To develop an accurate solution, the
MacCormack predictor-corrector method is utilized. A numerical algorithm has been developed and compared with commercial
softwares. A free stream Mach number of 2 and wedge angle of 15° has been set for initial conditions. The initial conditions have been
set based on standard parameters and isentropic flow equations were used. The boundary conditions have been determined based on
oblique shock equations, and enforced at j = 0, for i = 9 through i = 100. It has been observed that the flow velocities increased
without bound and this condition has been fixed through adding an artificial dissipation term to the algorithm. Similar to the commercial
software results, a stable output was achieved and the shock was observed. It has been observed that the flow is uniform for all
parameters until reaching the wedge tip. A remarkable pressure increase due to the shock was observed where the wedge begins. As
expected, the shock is almost the same strength for all j values with a slight decrease as j increases.
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