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Abstract

The forgotten topological index of G is specified the degrees d; and d;. In this paper, we find some bounds for the eigenvalues of
forgotten topological matrix and we establish some inequalities about forgotten Estrada topological index.
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Unutulmus Topolojiksel indeks ve Es indeks

Oz
G’ nin unutulmus topolojiksel indeksi d; ve d; dereceleriyle tammlanir. Bu makalede, unutulmus topolojiksel indeksin 6zdegerleri
icin bazi siirlar bulunmustur ve unutulmus Estrada topolojiksel indeks ile ilgili baz esitsizlikler belirlenmistir.
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1. Introduction

Let G be a simple, connected graph on the vertex set V(G) and the edge set E(G). For v; € V(G), the degree of the vertex v;
denoted by d;.

The [F](G) forgotten topological matrix of graphs is defined as

df +d? if i adjacent to j
0 otherwise.

[F]ij ={

The eigenvalues of [F](G) is denoted by f;, i = 1,2, ..., n. Considering these eigenvalues, we apply some known lemmas and we
obtain some bounds including the first eigenvalue. In addition, we set some conclusions using the complement of the first eigenvalue.

The Forgotten Topological Index (F index) of G is described in [4], [5] as
ZvivjEE(G) dtz + djz'

The Estrada index of the graph G in [3], [9] as

where A is the eigenvalue of the adjacency matrix of G.

The plan of this paper is as follows: In section 2, we give some known lemmas. In section 3, we have some inequalities in terms
of the degrees, the edges and the vertices. Also, we define forgotten Estrada topological index and we find different relations
concepting these indices and its eigenvalues.

(See [1], [6], [8] for more details.)

2. Preliminaries

In this section, we will give some lemmas and theorems to be utilized in main results.

Lemma 2.1. [7]

Let M = (m;;) be an nxn irreducible nonnegative matrix and 4, (M) be the greatest eigenvalue with R;(M) = Y7L, m;;. Then,
(minR;(M): 1 <i<n) <A, (M) < (maxR;(M):1 <i<n).

Lemma 2.2. [2]

If G is a simple, connected graph and A, (G) is the spectral radius, then

4(G) < max( mmi:1<i,j<n,vv€ E).
3. Main Results
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Firstly, we set a relation for the largest eigenvalue of F matrix including the degrees, the edges and the vertices. After, we will set
some inequalities concerned with F Estrada index.

Definition 3.1.
The Estrada F index of the graph G is described as

n

EF(G) = Z efi

i=1
where f; = f, = -+ = f,, are the eigenvalues of [F](G).

Definition 3.2.

The Estrada F coindex of the graph G is specified as

n

EF(G) = Zeﬁ.

i=1

where f; = f, = - > f;, are the eigenvalues of the complement of [F](G).

Theorem 3.1.

If G is a simple, connected graph then

f1(G) < \[(ndi2 + 4m?)(nd? + 4m?).

Proof. Let D(G)™*F(G)D(G) = F*(G) and X = (xq,%,, ..., x,)T be an eigenvector of F*(G). Also,x; = land 0 <x; <1 for
every k. Let x;= max;, (x: v;v, € E) where i is adjacent to k. Let F*(G)X = f;(G)X. If we get i-th equation from above equation,
then

@)% = ) (@} +dDxi < (nd? + @m)Dx
k

By Lemma 2.1, we have

fi(@)x; < (nd? + 4m?)x,.
The j-th equation of the same equation,
f1(@)x; < (nd? + 4m?)x,,.

From Lemma 2.2,

£©) < [nd? +4m®)(nd} +4m)

Theorem 3.2.

Let G be a graph on n vertices and m edges. Then,
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(A®) < \/L — (nd? + 4m?)(nd? + 4m?)

where £ = (d? + d?)[(n — 1)? + n®(n — 1)? — 4mn2(n — 1)] + 2n2d;d;[did; + 2(n — 1)?] — (Z(di +d;)(n— 1)) [((n -
l)n)2 +d;d; + n*m(n - 1)* —4mn(n — 1) + 4m2] +(m—-D*n?[2m+n?l+ (n—1)3*mn [—8 - n;] + (n—1)2m? [8m +

2
2n? — n?] —2m3n(n — 1) + 2m*.
Proof. Cauchy-Schwarz inequality gives that

(&) + A(®)" < (L6 + (A(©)
< (nd? + 4m?)(nd? + 4m?) + ((n — 1 — d;)? + 4m2) ((n —1-d)" + 4m2).

It is implies that

(fi(G)? + (ﬁ(a))2 < (n?dfd? + 4m®n(d? + d?) + 16m*) + (n*(n —1—d)*(n— 1 — d,-)2
+47%n [(n —1-d)*+(n—1- d]-)z] + 16m*
= ((n—1-d)*(n—1—d))" + d?d?) + 16[m* + "]

+4n(df+dP)(m? + m?) + 8m*n[(n — 1) — d; — d))].

2_
Since m+m = % then,
m* + m* = (m? + m?)? — 2m?m?

= ((m + m)? — 2mm)? — 2(mm)>?

(5 ) o))

So, we get

RGN+ (A@) < (a2 + d?)[(n — D? +n*(n — 1)? — 4mn2(n — 1)]
+[((n — Dn)? + d;d; + n*m(n — 1)* — 4mn(n — 1) + 4m?]

2
+(n—D*n’2m +n?l+ (n—1)%mn [—8 - %]

2

n
+(n — 1)*m? [8m + 2n? — 7] —2m3n(n—1) + 2m*.

It is conclude that,

(@) < £ - (fi(G)™
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From Theorem 3.1,

(A®) < \/L — (nd? + 4m?)(nd? + 4m?).

Theorem 3.3.
Let G be graph on n vertices, m edges and Ey be Estrada F index. Then,

2 2
Ey < Tle\}(ndi +4m2)(nd]- +4m2).

Proof. By Theorem 3.1, we have that

n
2 2
Ep = Z efi <neht = ne\/(nd" +4m2)(nd}.+4m2).

j=1

Theorem 3.4.
Let G be graph on n vertices, m edges and Ej be Estrada F index. Then,

E. < \[nz (2n 1)62\/(ndi2+4m2)(nd12.+4m2) e\/(ndiz+4m2)(nd12-+4m2)
F - - - - .

Proof. We know that
(Ep — e/)? = Ex? — 2Epe/n + (efn)?

2
n n

= Zefi -2 Zeff efn 4+ en,

j=1 j=1

By the Arithmetic-Geometric Mean inequality, we result that

Since f; = f, = .-+ = f,, then,

(Ep — e/n)? < n? — 2nefne/n + ¢

=n?— (2n —1)e?n

—n?— (2n— 1)62J(ndi2+4m2)(ndjz-+4m2)
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It gives that

B < \/TLZ (2n 1)62\/(ndi2+4m2)(nd12-+4m2) + e\/(ndi2+4m2)(nd]2-+4m2)
F = - - .

Theorem 3.5.
Let G be graph on n vertices, m edges and Ey be Estrada F index. Then,

(oo}

/L
Er+Ef < ZT
k=0

where E is Estrada F coindex of G.

Proof. By the sum of the Estrada F index and Estrada F coindex, we find that

Using Theorem 3.2, we obtain

4. Conclusions

In this study, we expand forgotten topological index, we define F Estrada index and we find some bounds deal with this index. In
the sequel, we describe F Estrada coindex and we obtain an inequalities for this index.
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