Avrupa Bilim ve Teknoloji Dergisi European Journal of Science and Technology
Say1 15, S. 289-296, Mart 2019 No 15, pp. 289-296, March 2019

© Telif hakki EJOSAT a aittir LAl Copyright © 2019 EJOSAT
Konferans Makalesi www.ejosat.com ISSN:2148-2683 Conference Article

The Legendre Matrix-Collocation Approach for Some Nonlinear
Differential Equations Arising in Physics and Mechanics

Duygu Dénmez Demir!”, Tugge Cinardali?, Omiir Kivang Kiirkgii’, Mehmet Sezer*

" Manisa Celal Bayar University, Faculty of Art&Sciences, Department of Mathematics, 45140, Manisa, Turkey (ORCID: 0000-0003-0886-624X)
2 {zmir Turkish College, Bornova, Izmir, Turkey
3 Izmir University of Economics, Department of Mathematics, izmir, Turkey (ORCID: 0000-0002-3987-7171)
4 Manisa Celal Bayar University, Faculty of Art&Sciences, Department of Mathematics, 45140, Manisa, Turkey (ORCID: 0000-0002-7744-2574)

(First received 3 January 2019 and in final form 2 March 2019)
(DOI: 10.31590/¢josat.507708)

REFERENCE: Demir, D. D., Cinardali, T., Kiirkeii, O. K. & Sezer, M. (2019). The Legendre Matrix-Collocation Approach for Some
Nonlinear Differential Equations Arising in Physics and Mechanics. European Journal of Science and Technology, (15), 289-296.

Abstract

In this study, the Legendre operational matrix method based on collocation points is introduced to solve high order ordinary differential
equations with some nonlinear terms arising in physics and mechanics. This technique transforms the nonlinear differential equation
into a matrix equation with unknown Legendre coefficients via mixed conditions. This solution of this matrix equation yields the
Legendre coefficients of the solution function. Thus, the approximate solution is obtained in terms of Legendre polynomials. Some test
problems together with residual error estimation are given to show the usefulness and applicability of the method and the numerical
results are compared.
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Fizik ve Mekanikte Ortaya Cikan Baz Lineer Olmayan Diferansiyel
Denklemler i¢cin Legendre Matris-Kollokasyon Yaklasimi

Ozet

Bu ¢aligmada, fizik ve mekanikte ortaya ¢ikan lineer olmayan bazi terimlere sahip yiiksek mertebeden adi diferansiyel denklemlerin
¢Oziimii igin, kollokasyon noktalarina dayanan operasyonel Legendere matris metodu takdim edilmistir. Bu teknik, karisik kosullar
sayesinde, bilinmeyen Legendre katsayilari ile lineer olmayan bir diferansiyel denklemi bir matris denklemine doniistiiriir. Bu matris
denkleminin ¢6ziimii, ¢dziim fonksiyonunun Legendre katsayilarini verir. Boylece, yaklasik ¢6ziim Legendre polinomlari cinsinden
elde edilir. Yontemin faydasini ve uygulanabilirligini géstermek igin, rezidiiel hata tahmini ile birlikte baz1 test problemleri verilir ve
niimerik sonuglar kiyaslanir.

Anahtar Kelimeler: Legendre Polinomlar1 ve Serisi, Lineer Olmayan Adi Diferansiyel Denklemler, Matris Metodu, Rezidiiel Hata.
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Avrupa Bilim ve Teknoloji Dergisi

1. Introduction

Orthogonal polynomials are extensively considered in many area of mathematics, sciences and engineering. One of these
polynomials is the Legendre polynomials which are orthogonal on [— 1,1] with respect to the weight function W(X) =1. The mentioned

polynomials play an important role in many branches such as mathematics, statics and other scientific (Kreyszig, 2013; El-Mikkawy et.

al. 2005; Everitt et. al. 2002; Sezer and Giilsu, 2009; Giilsu et. al. 2009).

The solutions of nonlinear ordinary differential equations are frequently investigated by many researches (Yiiksel et. al. 2011;
Akyliz Dagcioglu and Cerdik Yaslan, 2011; Giirbiiz and Sezer 2016). These equations are characterized by the presence of the nonlinear
terms and have a great importance in explaining many different phenomena. Generally, the nonlinear differential equations have no

analytical solution. Therefore, we need to numerical methods to obtain approximate solutions.

In this study, we develop a numerical method based on the matrix relations of Legendre polynomials and their derivatives by means
of the matrix methods based on collocation points given by Sezer and co-workers (Sezer and Giilsu, 2009; Giilsu et. al. 2009; Yiiksel
et. al., 2011; Kiirkgii et. al., 2017) and apply to the m-th order ordinary differential equation with first and second order nonlinear terms

in the general form (Yiiksel et. al., 2011; Akyiiz Dascioglu and Cerdik Yaslan, 2011)

iFk(t)y(")(t)+Zzlzp‘,qu(t)y“’)(t)y“”(t)=g(t); ~1<t<1 )

p=0g=0

under the mixed conditions

Z(akj y(k>(—l) +bk,-y(k)(0) +Cy y(k)(l))zj,l; i=0,1.. m-1 @

k=0

where F (t),Q,, (t) and g(t) are analytic functions on interval —1<t <1, a,,by;,C;; and 4; are convenient real constants. The

aim of this study is to get the solution of the problem (1)-(2) as the truncated Legendre series defined by
N
y(t)zy,(®) =2 aPR(t); -1<t<1 3)
n=0

where P (t), n=0,1,...,N denotes the Legendre polynomials given in (Kreyszig, 2013; Everitt et. al. 2002).

and (0 <n< N) are unknown Legendre coefficients (N >m).

2. Material and Method
2.1. Matrix Relations associated with Legendre Polynomials and Series

In this section, we constitute the matrix forms of each term in Eq. (1). Firstly, we can write the approximate solution Y (t)

defined by truncated Legendre series (3) in the matrix form

y(t) =y, (t) =P(t)A )

where P(t) = [ B,(t) P(t)...R, (t)] and A = [ a, a...a ]T . Using the recurrence formulas
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(2n +l) P{t)=P/,(t)=P/(t); n>1 where P,/(t)=0 and P/ (t) = P,(t) for n=0,1,...,N , we have recurrence relation

between the matrix P(t) and its derivate pt) (t) in the form

P (t) =pP(t)m*; k=0,1,...,m (5)
[0 1 0 1 0 0 1 ]
0 0 3 0 3 3 0
0 0 0 5 0 0 5 1o 0
0 1 0
0 0 0 0 7 7 0 0 _
H: . . . l-[ -
0 0 0 0 0 . 2N-3 0 0 0 o 1 mmm
0 0 0 0 0 0 2N-1
L O O 0 O 0 0 0 A(N+1)x(N+1)

From (3) and (5), we obtain the matrix relation as follows:

y©(t) =y, ) =P t)A=P(t)n*A; k=0,1...,m (6)

Using the Legendre explicit form and taking the matrix relation (6) for N =0,1,..., N , the matrix relations in the following are obtained
(Giilsu et. al., 2009; Yiiksel et. al., 2011 ):

P(t)=X1)D; P =[RM) R .. RO x®)=[1 t .. t"] (7
(y<°>(t))2:P(t)ﬁ(t)A y@ (1) y© (t) =P(t)P(t)A A=[a,A aA .. a,Al
(Y ) = pynB(t)iia y@ ()y® (t) =P(t)n*P(t) A y? 1)y (t) = POI’F()A
(y2®) =Pn’p)ii*

P{)=diag[P() P®) .. PO] . i =diag[ [T 1% .. IT°] . . ..

Here, the transient matrix D is given in (Sezer and Giilsu, 2010; Giilsu et. al., 2009). Now, we define the collocation points for
interval [—1,1] as

t =—14+2i; i=0,L.. N ()
N

Substituting collocation points (8) into Eq. (1) and the matrix relations (7) yields

2 2 p
kZ:(;FkY(k) +ZZquY(qu):G (9)

p=0 g=0
where F =diag [Fk (to) Fk (tl) Fk (tN )] and
y(k)(to) y(p) (to)y(q) (to) g9 (to)
S| ®) yeo—| Y@YTW

y(k).(tN) y P (ty )y (ty) g(ty)

Putting the collocation points (8) into the matrix relations (6) and (7), we have the system in the following
y )=y t)=pP(t)ma; i=0,1..,N or Y =pm*a (10)

Thus, the nonlinear part of Eq. (9) can be written as
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S (p.q) 0.0 1,0 11 2,0 21 2,2
ZZquY PV = QooY( ’ )+Q10Y(Y )+Q11Y(')+Q20Y( 0 +Q21Y( ')"'szY( ?
p=0 q=0

Substituting the collocation points (8) into the mentioned matrix relations, then the following matrices are obtained:

YOO =p A, YEO=p | A YOV =p A, Y®O=p, A, Y®V=p, A, Y®P=p" A

where
P(t,)P(t,) P(t,)ITP(t,) P(t,)ITP (t, )11 P(t,)IT°P(t,)
o | PGP | o | PQIPE) | | PQIPOT | .| POITP(E)
P(ty)P(ty) P(t, )ITP(ty) P(ty )TIP (t, )T P(t, )IT*P(t,)
P(t,)IT°P(t,)IT P(t,)IT*P(t,)IT?
b P(t,)IT*P (t,)TT P P(t,)I1°P (t,)IT?
P(tN)H;I5(tN)1=I P(tN)HZ‘I5(tN)1:I2

2.2. Legendre Operational Matrix Method

Substituting the matrix relations (10) and (11) into Eq. (9), we obtain the fundamental matrix equation

m 2. p
D RPIA+D "> Q P, A=G or WA+VA=G (12)
k=0 p=0 gq=0

where W:[W--]:iFkPHk ; 1,J=0,1,...,N and
k=0

V=V ]:iiqmp’*pyq ; m'=0,L,...,N; n=0,1,..., (N +1)° -1

p=0q=0

Then, the matrix equation (12) can be written in the augmented form [W; V. G] or clearly

W, W, oo Wey @ Voo Vo o VOV(M)L1 ©oa(ty)

T BRI IR
_WNO Wy, ... Wy Vio Va1 - VN,(N+1)2—1 : g(tN)_

Using the matrix relation (6), the fundamental matrix equation corresponding to the mixed conditions (2) is obtained as

m-1

> (a;P(-D)+bP(0)+¢,PM) ) A=4;; j=0,1...N or UA+O A=A=[U;0":1] (14)

k=

(Here, zero matrix indicated with 0" isa (N +1)x (N +1)® matrix) or more clearly
Up Uy o Uy = 0 0 ... 0 @ 4

[uoa]=f b e B 200 0 A (19)
Uyo  Uns Unn 00 0 A
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To calculate Legendre coefficients @, (n=0,1,..., N) related to the approximate solution (3) of the problem (1)-(2), by replacing the

M row matrices (14) by the last M rows (or any M rows) of the augmented matrix (16), we obtain the resulting matrix as follows;

i Woo Wo, Wou Voo Vou 0,(N+1)2-1 g(t,)
Wi, W, Wiy Vio Vi L(N+1)2-1 g (tl)
- A W W W V V V gty ) (16)
[W; v G]z N-m,0 N-m1 N-m,N N-m,0 N-m1 N—m (N+1)2-1 N—m
Uy, 0 0 0 A
Uy, 0 0 0 A
L U m-1,0 U m-1,1 U m-1,N 0 0 O ﬂ‘m—l i

From this nonlinear algebraic system, that is, from the matrix equation V~VA+\~/(K) =G, the unknown Legendre coefficients

a, (n =0,1,..., N) are determined. Thus, the truncated Legendre series solution (3) is obtained from Egs. (4) and (7).

3. Accuracy of Solutions and Residual Error Estimation

We consider the residual error estimation to check accuracy of the obtained solutions. Since the truncated Legendre series (1) is an
approximate solution of Eq. (1), when the solution Yy (x) and its derivatives are substituted in Eq. (1), then resulting equation must be
satisfied approximately as follows:

p

Ru(t)= Zm: Fo(t)y®“(t, )+2212qu )y )y (t)-9(t)

k=0 p=0qg=0

I

0 (17

for t, € [a, b](| =0,1, 2,...) or Ry ('[| ) <107 where K, is any positive numbers. Predetermining max10™ =107%, then the
truncation limit N is increased until the difference R, (1'| ) at each of the points becomes smaller than predetermined 107 . Therefore,

if RN (t, ) — 0 when N is sufficiently large enough, then the error decreases (Everitt et.al. 2002; Sezer and Giilsu, 2010).

The accuracy of the solution can be checked and the error can be estimated via the residual function Ry (t) (Balc1 and Sezer,
2016; Oguz and Sezer, 2015, Kiirkcii et. al., 2016, Giirbiiz and Sezer, 2017) and the mean value of the function |RN (t)| on the interval

[—1, 1] . Using the inequality

jRN (t)dt

1

< HRN (t)|dt (18)
-1

and the mean value theorem, the upper bound of the mean error ﬁn is obtained as

1
Ry (c)géﬂRN (t)|dt =Ry (19)
a

4. Applications
Example 4.1. Consider the nonlinear differential equation

Y =2y +y+y —y'y' =2+4e'; y(0)=3, y'(0)=2

We assume that the problem has a Legendre polynomial solution in the form for N =2
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2
y,(t)=> aP(t); -1<t<l
n=0

3
2

1
Performing the necessary procedures and considering the collocation points P, (t)=1, B, (t)=t, P, (t)= t? —=, then, we find

the fundamental matrix equation in the following:

(RPI°+FPI+F,PI?) A+(QuP o +QuP 1) A=G

where

1 -1 1 0 -2 6 2 003 g1 [2+4e™
FOP"O: 1 0 _1/2 5 Flpl-[: O _2 O 5 FZPH = 0 0 3 » G = g(o) = 6

0 O 1 0 -2 -6 0 0 3 g@ 2+4e

1 -1 1 1 -11 —2 2 =2
QooPloo+QuPo.=|1 0 -1/2 0 0 0 1/2 -3 1/4
11 1 111 1 -2 -8

1 -3 10 1 -1 11 -1 1 -2 2 -2 : 2+4¢
[W;V:G}:10—1/2:OOOOOOOOO 3
01 0 00 000O0UOTO 0O 2

Then, the solution of the problem is obtained as the first three term in Maclaurin expansion of the exact solution Y =1+ 2e'.

Table 1. Numerical results for Example 4.1.

ti Exact. y (t) for N = 2 Absolute
Solution Errors
0.0 3.0 3.0 0
0.2 3. 4428 3.44 0. 0028
0.4 3.9836 3.96 0. 2364
0.6 4. 6442 4.56 0. 8423
0.8 5.4510 5.24 0.2110
1.0 6. 4365 6.0 0. 4365
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—+—Exact solution

—=— Approximate solution for N=2

/.

1 108 06 04 02 0 02 04 06 08 1

Figure 1. The comparison of numerical and exact solutions of Example 4.1 for N =2 ..

Example 4.2. [9,13] Consider Bratu-type problem

y”(x)—2ey(x) =0;0<x<1

with Y (0) =0 and Y’ (O) = 0. The exact solution of this problem is Y ( X) =-2In (COS X) . Expanding '™, we can write this

equation [9] as

0.

y"(x)-2y(x)-y*(x)-2

Using Legendre matrix-collocation method with truncation limit N =4 and 5, we solve this problem. The following solutions are
obtained as

~1.04x107"" +0.965317x* —0.0160093x> + 0.196559x*

Y4 (X)
Vs (X) =2.08x107"" +0.971444x* + 0.00924656%° + 0.146425x* + 0.0314368x%°

Table 2. Comparison of the absolute errors for different N of Example 4.2.

Figure 2.

e-ISSN: 2148-2683

X, N=4 N=5 X N=4 N=5
0.1 3.60e-04 | 2.78e-04 | 0.6 | 1.44e-02 | 1.08e-02
0.2 1.47e-03 | 1.09e-03 | 0.7 | 2.15e-02 | 1.66e-02
0.3 3.34e-03 | 2.44e-03 | 0.8 | 3.27e-02 | 2.60e-02
0.4 6.00e-03 | 4.36e-03 | 0.9 | 5.17e-02 | 4.26e-02
0.5 9.56e-03 | 7.02e-03 - - -
0.9 = Exact solution /z
oal —a -y X P
0.7 | ./_.,‘E// 4
> 0:5 : ,‘E// :
0.4 . /Ff/ i
0.3+ B e - B
0.2H P = or 4

Comparison of the Legendre polynomial solution Y, (X) and exact solution for Example 4.2.
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As seen from Fig. 2 and Table 2, the Legendre polynomial solutions Y, (X) and Y; (X) coincide with the exact solution. Also, the

absolute error decreases as N is increased. The upper bounds of the mean errors |§4 and |§5 are obtained as 2.07e —01 and

1.82e — 01, respectively. It is clearly seen that the mean errors are consistent with results in tables and figures.

5. Conclusions and Recommendations

In this study, we propose a matrix-collocation method based on Legendre polynomials to obtain the approximate solutions of
nonlinear ordinary differential equations with quadratic terms. Besides, the error analysis is introduced to indicate the accuracy of the
method. The present method and its error analysis are applied on some examples. Comparison of the obtained results with exact solutions
displays that the present method is impressive and suitable. Also, the method can be extended on different type of mathematical models
together with some modifications.
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