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Abstract

In this study, the mathematical model of attitude motion is obtained for low orbit satellite (LEO) with its kinematic and dynamic
equations. The mathematical model of orbit motion for LEO satellite is obtained using Kepler parameters. Sensor data are generated
adding zero mean Gaussian noise to data comes from model response. These measurement data are fused using INS/GPS integration
structure. Extended Kalman filter algorithm is used to sensor fusion. Compare the estimated data comes from extended Kalman filter
and the actual data generated from mathematical model. It has been observed from the results that the estimated data is closest to the
actual attitude data. All study is performed at the MATLAB/Simulink environment.

Keywords: LEO satellite, mathematical model, orbit model of satellite, attitude model of satellite, sensor fusion, integration
navigation system

Alg¢ak Yoriinge Uydu Matematiksel Model Tabanh Sensor Fiuzyonu
0z

Bu ¢alismada bir algak yoriinge uydusunun kinematik ve dinamik denklemleri elde edilerek dongiisel hareket i¢in matematiksel model
olugturulmugtur. Kepler parametreleri kullanilarak bu algak yoriinge uydusunun yoriinge hareket modeli elde edilmistir. Dongiisel
hareket modelden elde edilen yonelim bilgilerine giiriiltii eklenerek yonelim sensor verileri tiretilmistir. INS/GPS entegre navigasyon
yapist i¢in sistem ve 6l¢lim modelleri elde edilerek farkli sensorlerden alinan yonelim bilgileri birlestirilmistir. Sensor veri birlestirmede
genisletilmis Kalman filtre algoritmalart kullanilmistir. Kestirilen yonelim bilgisi ile 6l¢iilen ve gercek yonelim bilgisi karsilagtirilmastr.
Sonuglardan kestirilen yonelim bilgisinin ger¢ek yonelim bilgisine en yakin deger oldugu gozlemlenmistir. Tiim ¢aligma
MATLAB/Simulink ortaminda gerceklestirilmistir.

Anahtar Kelimeler: Al¢ak yoriinge uydu, matematiksel modelleme, yoriinge modeli, dongiisel hareket modeli, sensor veri birlestirme,
entegre navigasyon sistemi
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1. Introduction

Satellites are used for observation, positioning, and
communication purposes as LEO (low Earth orbit), MEO (middle
Earth orbit), GEO (Geosynchronous Equatorial Orbit) according
to the orbit level [1], [2]. Although MEO satellites signals are
commonly used for navigation system, in the recent years, low
orbit satellites group’s signals are used for positioning system [3],
[4]. It is important that the satellites used for all this purpose
should remain stable in a certain orbit and attitude for position
accuracy. The orbit and attitude stability of satellite is distributed
due to perturbation torques. The reaction wheels integrated the
satellites generate torque to balance these perturbation torque
acting on the satellite. These reaction wheels should be controlled
depending on the difference between the data comes from
measurement sensors on the satellite and the desired orbit and
attitude information value.

For more accurate control of them, measurement data defined
the satellite’s orbit and attitude should be taken correctly. For this
purpose, it is necessary to measure the same data from more than
one sensor and these sensor data should be fused. There are many
algorithms used to sensor fusion. The most used algorithm is
Kalman filter [5]. Fuzzy algorithm for tunning the extended
Kalman filter estimation was used to multi sensor fusion [6].
Federated Unscented Kalman filter designed for multiple
satellites formation flying in LEO [7]. Sensor fusion was
performed by creating an integrated navigation system [8].
INS/GPS integrated navigation structure was designed by using
the position, speed and attitude error propagation equations of
INS integrated into satellite body [9].

Sensor data can be generated by obtaining the mathematical
model of satellite in order to analyze the sensor fusion algorithm.
Obtain the orbit and attitude motion model of satellite is important
for the error model due to these motion on the positioning system
used the satellite’s signals [10], [11].

In this study, the mathematical model for attitude and orbit
motion of satellite is obtained. The angular velocity propagation
of satellite is obtained with the attitude motion model. The sensor
data is generated using the mathematical model response.
Measured information from multiple sensors are fused with the
integrated navigation system.

The remainder of this paper is organized as follows. Section
2 presents the mathematical model of attitude motion for low orbit
satellite. We provide a detailed information of orbit model for low
orbit satellite in Section 3. Section 4 presents integrated
navigation system and sensor fusion and simulation results.
Lastly, the conclusion and future work are presented in Section 5.

2. Mathematical Model of Attitude
Motion for Low-Orbit Satellite

The dynamic and kinematic equations are implemented to
obtain the mathematical model of low orbit satellite.

2.1 Dynamic Model

The dynamic model given the derivation of angular velocity
for satellite is as [12]:
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Wiy =I5 [Mp — Hw — Q(wiy)swiy — Qwip)Hew] (1)
where

I; inertia tensor matrix of satellite

Mp; the torque based on perturbations

HB,,; the momentum generated by reaction wheels

HB,,; the torque produced by reaction wheels

wb,; the angular velocity of satellite in body-frame

Q(Wﬂ,); the skew-symmetric matrix based on angular
velocity of satellite

The perturbation torques due to the gravity gradient, solar
radiation, aerodynamic, magnetic dipole moment are affected to
the attitude motion of satellite [12], [13]. This perturbation
torques are balanced with reaction wheels or magnetic torque
sticks. In this study, the torques generated by reaction wheels is
considered the control torque HZ,, = M.

The inertia tensor matrix is considered diagonal matrix since
the contribution of the off-diagonal matrix is small [14].

Iy 0O 0
=0 Iy, 0 @)
0 0 Ig,,

The skew-symmetric matrix based on angular velocity of
satellite in the X, y and z axis is as [14]:

b b
0 ~Wip,z Wib,y
by _ b b
Qwh) =| Wi, 0 Wibx 3)
b b
~Wiby Wib,x 0

The block diagram of dynamic model of low orbit satellite
obtained in Simulink environment is shown as Figure 1. As seen
Figure 1, the angular velocity propagation of satellite is obtained
using the inertia tensor data of satellite, reaction wheel’s
momentum data and torques generated by reaction wheel against
the perturbation torques. So, the output of this block is the angular
velocity changing in the body frame. The angular velocity in the
body-frame is obtained by integrating the output of this block
related to equation 1.
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Figure 1. The Simulink block diagram of dynamic model for
LEO satellite

2.1.1 Reaction Wheel Model

The reaction wheels integrated the satellites generate torque
to balance the external impact forces acting on the satellite. The
location and number of these wheels affect the torque produced.
In this study, the reaction wheels configuration is considered as
tetrahedron. The angular momentum (Hp,, ) and generated tork of
each wheel (M) are as [12]:

Hpy = IpyWgw €))
MC = IRWWRW (5)

Each reaction wheel is considered as identical and the inertial
tensor matrix parameter of each wheel is equal Igy = gy, =
Ipw,y = Irw - The location matrix of reaction wheels is given by
[15]:

V3, =3/ -3 V3
/5 /5 /5 V°/3
L= \/5_)/3 _\/5/3 \/§/3 _\/?_’/3 (6)
\/§/3 \/§/3 —\/§/3 —\/§/3

The generated torque by each wheel in the X, y and z axis is
written as [15]:

T,
MC,X Tl
MCry =L Tz @)
Mc,z T4
where Ty,T,,T;5,T, applied torque to each reaction wheel

respectively. The derivative of angular velocity is obtained as
Wew = IM—C The tork produced by each reaction wheel at each axis
Rw

is defined by:

b b b b b
Hew x + Hrw zWibz — Hrw y Win 2
I 7 b b _ b b
TC - HRW,y + HRW,xWib,z HRW,ZM/ib,x (8)

7b b b b b
HRW,Z + HRW,yWib,x - HRW,xVVib,y
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The generated torque block diagram by four reaction wheels
is shown as Figure 2. As seen block diagram, the torque and
momentum generated by reaction wheels using the angular
velocity of satellite and the applied force to each wheel. The max
torque applied to each wheel is 0.018 Nm.

System Input

TITZTA T4

REACTION WHEEL
MODEL

Figure 2. The Simulink block diagram for torque and
momentum generated by reaction wheels

2.2 Kinematic Model

Kinematic model supply transformation between different
frames. The angular velocity of satellite is transformed from body
to orbit frame using the kinematic model. The transformation
matrix consists of Euler angles is used to this transformation. The
transformation matrix C(q)% defined by quaternion vectors,
[41 92 93 qa], are used in this study because Euler angles are
undefined at some angles (90 degree) [12]. Kinematic model;

1
qg= EQ (w2)a €))

where Q (ng) is the skew-symetric matrix in terms of angular
velocity of satellite in the orbit frame and it is obtained as [12]:

wel? wa? 0
Wzlop Wzl 0

where w?, is the angular velocity of satellite in the orbit frame,
w? is the angular velocity of satellite in the body frame. The mean
motion of satellite represented by wy, is obtained as:

(10)

M,
Wqo = R3 (11)

G is the gravity constant of Earth, Me is the Earth mass, R is the
distance between satellite and Earth. In this study, the value of w
is taken as approximately 0,0069 rad/s [13]. The transformation
matrix from body to orbit frame is defined as [12].

C@1u C@1z C(Qs3
C(CI)Z =1C(@21 C@22 C(Q)23 (12)
C(@)s1 C(@s32 C(q)33
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C(Pu =97 +qi— 45— a3
C(@)12 =2(q192 + 9394)
C(@)13 = 2(q193 — 9294)

C(q@)21 = 2(q192 — 9394)
C(@22=95—qf +q3 — a3
(13)
C(q)23 = 2(q295 + 9194)
C(q)31 = 2(q295 + 9194)
C(Ps2 = 2(9193 — 9194)
C(@33=0q:— 95— a5+ 43

The block diagram of kinematic model of satellite occured in
Simulink environment is shown as Figure 3. As seen Figure 3,
quaternion elements are obtained using the input data of block
with mean motion value of satellite and angular velocity data of
the satellite in the body frame. So, the angular velocity of the
satellite can be transformed from body frame to orbit frame.

E—
[ >

uat
Angular_Velogities
Satellita (orbit_fram:

KINEMATIC MODEL
SATELLITE

Figure 3. The Simulink block diagram of LEO kinematic
model

3. Orbit Propagation Model

The orbit propagation model of LEO is obtained using Kepler
parameters [9]. These parameters are orbit inclination (i), right
ascension of ascending node (£), eccentricity (e), argument of
perigee (W), mean anomaly (M), mean motion (n), eccentric
anomaly (E). In this study, constant values of Kepler parameters
are taken from TLE data series (Two lines element data) of FLP
satellite.

The time derivation of the mean anomaly and the time
derivation of eccentric anomaly are as [12], [13]:

E(t) = M(t) + e.sinE(t) (15)
.y = E, 4 Mitesin(E)-E; (16)

1-e.cos (Ej)

e-ISSN: 2148-2683

where n, mean motion is the a

average angular velocity that defines the sizes of the ellipse. It is
obtained using the Kepler’s third law as:

nz\/z—g, U =G.M,

where G is the gravity constant of Earth, M, is the Earth mass. So,
the position of satellite in orbit frame (r°¢) is obatined. The
position of satellite in the Earth frame and inertial frame is
obtained using the transformation matrix [12].

(I

cosE —e

r%¢ = a |1 — eZsinE
0

(18)

The perturbations torque effected to orbit motion of satellite
are due to the Earth gravity harmonics, Earth tides effect, Sun and
Moon gravitational effect, solar radiation pressure, atmospheric
drag.

4. Integrated Navigation System and
Sensor Fusion

The flow diagram of the integrated navigation and sensor
fusion is shown in Figure 4. The yaw angle occured with
perturbation torque and reaction wheels torque is measured by
magnetometer and gyro of IMU. These sensor measurement data
are fused Extended Kalman filter algorithm. System and
measurement model for integrated navigation system and sensor
fusion are obtained follow chapter.

IMU

Inertial
Navigation

Reaction
Wheels
Satellite Sensor Sensor
Data Fusion
Model Generation KALMAN filter

Equations

Integrated
Correction Navigation
Solution

Figure 4. The flow diagram for sensor fusion and integrated
navigation system

4.1 System Model

In this study, attitude error states are estimated. Extended
Kalman filter algorithm is used for estimation [8]. Error states are
chosen as attitude, velocity, position errors and accelerometer and
gyro biases in terms of Earth frame and they are defined as [16].

Xep = [8<p:b dvgp, Org bg bg]T (19)
dggp: attitude error vector,

dvgy: velocity error vector,

drgy: position error vector.

The time derivation of attitude error as

3pgp = CEby — Qfe398, (20)
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The time derivation of velocity error as

dvg, = CEby — (CEfiD) 08, — 2Q5,5vE, 1)

The time derivation of position error is given by

8rs, = dvs, (22)

The state-space model of system as

x = Fx + Qw (23)

where w is the system noise and taken as zero-mean Gaussian
noise. F is the system matrix, Q is the system covariance matrix.
System matrix is defined related to system states as:

[ —OF 03 03 03 Cf]
|[—C§ﬁl1’,/\] 207, 05 C§ 0s |
F = | 03 I3 0; 03 03 | (24)
03 03 03 03 03
[ 05 0, 05 04 03J
03 03 03 03 03
System covariance matrix is as [16]-[17].
_n5g13 0; O3 03 05
03 ni.ly 03 03 03
03 0; 03 03 03
= 25
@=lo, 0. 0, 0, 0 @)
03 03 03 Mpaqls 03
| 03 03 03 03 njguls

where n?g, n2q, N, Ne ga are gyro and accelerometer noise
power density, accelerometer bias power density and gyro bias
power density respectively. Where a,4, 0,4 are standard deviation
accelerometer force measurement and gyro angular velocity
measurement respectively. Where ; is the integral time interval,
Opaq 18 the bias accelerometer and gy 44 is the bis of gyro [16]-
[17].

Nfq = 0%T; (26)
Nig = 07yT; 27
Nad = OpaqTbad (28)
Npga = OpgaTbga 29

Since the inertial sensor data used to navigation system is the
discrete time, system model and measurement model should be
discrete [16].

X1 = Dpxp + wy (30)
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where @, is the system transient matrix and F is the system state
matrix. It is assumed that the F matrix is constant at the time
interval Aty ., — t;. So, the system transient matrix is defined as
[16].

(F;t)2 31)

4.2 Measurement Model

®k=€FAt=I+F+

Measurement model consists the attitude errors. Yaw angle is
obtained by integrating angular velocity comes from gyro of IMU.
Yaw angle is measured also by magnetometer. These different
sensor data are fused in the ECEF. The measurement error
variation vector for extended Kalman filter as [16].

6Zk = ¢mc - 6[’0 (32)

The measurement matrix, m, is obtained as:

100000000000000

Hk:[OlOOOOOOOOOOOOO

(33)

Measurement covariance matrix is chosen as follow R;. R11
and R22 are related to measurement sensitivity of gyroscope and
magnetic compass respectively.

me=[" ool 3

4.3 Simulation Results

In this study, different force is applied to each reaction wheel.
Perturbations torques (considered due to gravity gradient) also
effected to satellite motion. Since the reaction wheels are not
controlled in this study, the satellite motion is not stable. So, the
satellite rotates in the x, y and z axis with roll, pitch, and yaw
angles. Perturbations torques applied to satellite motion in the x,
y and z axis are shown in Figure 5.

The yaw angle from the attitude mathematical model of
satellite is considered as the real yaw angle data. The
measurement data comes from gyro and magnetometer are
generated by adding Gaussian noise to actual data comes from the
mathematical model of satellite. It is assumed that the accuracy of
magnetometer is higher than the gyro. The yaw angles measured
by these different sensors are fused using the integrated
navigation system designed by Kalman filter algorithm. Figure 6
shows the measured yaw angle comes from gyro and
magnetometer, actual yaw angle comes from mathematical model
and estimated yaw angle comes from Kalman filter output. As
seen Figure 6, the estimated yaw angle is closest to actual yaw
angle.
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Figure 5. Perturbations torques applied to satellite in the x, y and
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Figure 6. Actual yaw angle (blue line), measurement yaw
angle from gyro (green line), measurement yaw angle from
magnetometer (pink line), estimated yaw angle comes from
Kalman filter (red line)

5. Conclusion

In this study, the attitude mathematical model of low orbit
satellite is obtained with dynamic and kinematic equations of
motion. The measurement data comes from magnetometer and
gyro are generated using the attitude mathematical model
response. System model and measurement model are occured for
INS/GPS integrated navigation system. Different sensor data are
fused with extended Kalman filter algorithm. All this study is
performed in  MATLAB/Simulink  environment.  Orbit
propagation model of satellite is obtained using Kepler
parameters but the sensor data generated with orbit motion model
response is not used in this study. Perturbations torques will be
improved and implemented to GEO satellite and the different
controllers of reaction wheel will be designed for the future work.
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