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Abstract

In this paper we first consider an integer sequence which enumerates the number of subsets of S of the set [n] = {1,2, ... ,n}
containing no three consecutive odd integers. Then we generalize this sequenceto a polynomial sequence which is associated with the
Tribonacci polynomials. Next, we obtain some basic properties of the polynomial sequence.
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Tribonacci Sayilari ile iliskili Bir Tamsay1 Dizisininin Genellemesi

Oz
Bu calismada 6nce {1,2, .. . ,n} kiimesinin ardigik {i¢ tek say1igermeyen S alt kiimelerinin sayismnakarsilik gelen tam sayi1 dizisini

g6z ontine aldik. Sonra bu diziyi, Tribonacci polinomlar ile iligkili bir polinom dizisine genelledik. Daha sonarpolinom dizisinin bazi
temel Ozelliklerini elde ettik.

Anahtar Kelimeler: Polinom dizisi, Tribonacci polinomlar;, Ardisik tek sayilar, Uretec fonksiyon.
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Avrupa Bilim ve Teknoloji Dergisi

1. Introduction

Tribonacci numbers can be generalized as Tribonacci

polynomials. There are many studies about Tribonacci
polynomials. You can see [4-9] for the studies.In 1973 Tribonacci
polynomial sequence (T,(x))was defined by Hoggatt and

Bicknell in [3].
For n = 3,

T,() = x2T,_, () + xT,,_, () +T,_,(x), €))

with initial conditions

T,(x) =0,

T, =1, T,() = x2

When x =1, we obtain the Tribonacci sequence (T},),s0-
Generating function for Tribonacci polynomial sequenceis given
in [9] as follows

Z T, () t" = ‘ . )

71— x2t — xt? — t3

n=0

Binet’s formula of Tribonaccipolynomial is given in [5] by

a(x)n+1
"0 = @ =B @e) =y o)
+ [)’(x)"“
B — a@B) — 1)
y(x)n+1

+ , 3)
r(x) = a(x))(y(x) =B (x))

Where a(x), f(x) and y(x) are the distinct roots of

t3 — x%t? —xt — 1 = 0 which is the characteristic equation of

(1).

Consider the sequence (a,,) 5o counting the numberof subsets S
of theset [n]={1,2, ... ,n}
consecutive odd integers. You can see [1] for a detailed study

such that S contains no three

about the sequence (a,, )ys0 -
a, = 2a,_,+4a,_,+8a,_¢s, n=6, (@)

a=1a,=2, a,=4, a;=8 a,=16, ag=28.

Here we first define the polynomial sequence (a,(X)),so usig
(4) and next, we obtain some basic properties of the polynomial
sequence.
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2. Main Results

2.1. Recursive Definition of the Polynomial
Sequence

Let us define the polinomial sequence (a, (x)) with the help of
the recurrence relation (4) as follows:

a,(x) = 2x*a,_,(x) + 4x%a,_,(x) +8a, _c(x). (5)

The first few polynomials are:

a,(x) =1
a,(x) =2
a,(x) = 4
a;(x) =8
a,(x) = 16
as(x) = 28

ag(x) =32x* + 16x2 + 8
a, (x) = 56x* + 32x% + 16
ag(x) = 64x® + 32x° + 16x* + 64x% + 32
8

Notice that a, (1) = a,.

2.2. Generating Function and the Closed Form
Formula of the Polynomial Sequence

Let us try to find the generating function G (x, t) of the polynomial
sequence (a, (x)) using the formal power series.

[oe]

G(x,t) = Z a, (x)t"

n=0

To find G (x, t), multiply both sides of the recurrence relation (5)
by t™ and sum over the values of n for which the recurrence is
valid, namely, overn > 6. We get,

Z a, (" = Z 2x*a,_,(x)t"

nz=6 nz6
+Z 4x2a,_,(x)t" +Z8an_6(x)t" 6)
n=6 n=6

Then try to relate these sums to the unknown generating function

G(x,t). We have
z a, ) tm

nz6
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=G0, t) —ay(0) —a; ()t —a,)t? — a; () t3 — a, () t*

—as(0)t5

=G0, t) —1—2t —4t% — 8t3 — 16t* — 28t°,

Z 2x*a,_, ()t = 2x*¢t? Z Ay, (x)t" 2

nz=6 nz6
=2x*t?2 (G(x,t) —ay(x) — a, ()t — a, (x)t? — a; (Dt3)

=2x*t? (G(x,t) —1—2t —4t% — 8¢3),

Z 4x%a,_,()t" = 4x%t* z a,_,(x)t"*

nz6 nz6

= 4x%t* (G(x,t) — 1 = 2t),

2 8a,_(()t" = 8t6z a,_g(x)t"°

nz6 nz6
= 8t°G(x, t).
If we write these results on the two sides of (6), we find that
G(x,t) —1— 2t — 4t* — 8t> — 16t* — 28t°
=2x*t? (G(x,t) — 1 — 2t — 4t? — 8t%)
+4x2t* (G(x, 1) —1—20) + 8t°G(x, 1),

142t 4+ @ —2xHt? + (8 — 4x*)t3
1—2x%t?2 — 4x2%2t* — 8t®

Glx,t) =

(16 — 4x% — 8xM)t* + (28 — 8x2 — 16x*)t°
1 — 2x4t? — 4x2t* — 8t6 '

)

Substituting x = 1, we get the generating function for the integer
sequence (@, )nso-

Theorem 1. Let (a,,(x)) is the polynomial sequence defined by
(5). Then we have

Ay () = 27T, () + (2 — xM)T,(x?)

+(4 - x? = 2xHT,_, (x?)],
Apps1 () = 22T, (x?) + (4 — 2xM)T, (x2)
+(7 — 2x% — 4x)T,_, (x?),

where T, (x) is the nth Tribonacci polynomial.
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Proof. If A(x,t)is the generating function for even terms of the
polinomial sequence (@, (X)), then it is clear that A(x,t) =

i(G(x, t) + G(x,—t)). From (7) we get,

14+ Q@ —x2t? + (4 — x% = 2xH)4t*

Alx,t) = ,
G, 0) 1 — 2x*12 — 4x2t* — 8t
1
Alx,0) =
&0 = TS A T e
2t?
+(2 —x*
@ - o AE T et
4¢*
+(4 — x? — 2x*) : ®)

1—2x%t?2 — 4x2t* — 8t°

Let’s write the generating function of the Tribonacci polynomial
sequence with initial conditions T,(x) = 0, T,(x) =1, T,(x) =
x2 which is givenin (2):

V4

tlx,z) = :
1—x2z—xz2—23

Let us indicate the correspondence between a sequence and its
generating function with a double-sided arrow as follows:

1
1,x% ,x* +x,... 9
(1L,x%,x*+x,...) © R P 9
z
0,1,x% ,x*+x,... 10
(0,1,x2 ,x*+ x >H1—xzz—x22—z3 (10)
2
z
(0,0,1,x2 x*+x,...) & (11)

1—x2z—xz%—23

If we right-shift the polynomial sequence in (9) by adding
respectively one and two leading zeros, we obtain the polynomial
sequences (10) and (11). Hence (9), (10) and (11) are respectively
generating functions of the polynomial sequences (T, (x)),

(T (x)) and (T, —4 (x)).

Substituting x? for x and writing z = 2t? into (9), (10) and (11).
Together with these and using (8) we get the coefficients of t2"
which gives the exact formula for the polynomial sequence

(aZn(x))a
Ay, (1) = 20Ty, (62 + 2 —xDT, (x?)
+(4 — x% = 2xMT,_, (x?)]

where T, (x) is the Tribonacci polynomial sequence defined by

(M.

If B(x,t) is the generating function for odd terms of the
polinomial sequence then it is clear that B(x,t) = % (G(x,t) —

G(x,—t)). Using (7) we get,
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B0 t) 2t + (8 — 4x*)t3 + (28 — 8x2 — 16x*)t5 +(—6x8 — 16x°® — 20x* + 22x2 +62)T,_, (x?)
x,t) =
1 —2x*t? — 4x2t* — 8t6
2
+(—4x°® — 16x* + x2 + 26)T,_;(x?)

+(—4x® — 16x°® — 29x* + 14x2 +58)T,_,(x?)

Blx,t) =t
Gt =t o —are
+(—4x* — 2x2 + DT,_,(x?),

(4 —2x*%) 2t”
+ —
1— 2x%t%2 — 4x2t*— 8t°

4t*
1 (12 B,(x) = [(6x* + 12x% + 22)T,, ., (x?)

(7 — 2x% — 4x*
(7 =2x" = 4°) T3 a7 —qxect — g

+(—6x8 — 12x°® — 8x* + 30x% + 56) T, (x?)

Substituting (9), (10) and (11) into the equation (12) we get the
coefficients of t?"*1 which gives the general term for the
+(—14x8 — 36x° — 42x* + 36x? + 111 T,,_, (x?)]

polynomial subsequence (a,,,,(x))
+(—4x® — 16x°® — 29x* + 14x? +58) T,_,(x?)

Ay s () =202, (x2) + (4 — 2xM)T, (x?)
+(7 — 222 — 4xM)T,_, (2], +(—4x°® — 16x* + x2 + 26)T,_;(x?)
+(—4x* — 2x% + DT,_,(x?).
where T, (x) is the Tribonacci polynomial defined by (1).
Proof. Let (S =0 be the sum of first n terms of the
The proofis completed. . (Sn (Xm0 .
polynomial sequence (a,, (x)):
Notice that, L
520 = ) 4y ()
Azn (D = agn = 2"Ty 1o, k=0
Ay (D) = Gy oy = 27T, 4 Using recurrence relation (5) and its initial conditions we have
a,(@) = 2x*a,_,(x) + 4x%a,_,(x)+8a, _;(),

a(x) =1, a;(x) = 2, a,(x) = 4, a3(x) = 8,

2.3. The Sum of the First n Terms of the
a,(x) =16, as(x) = 28.

Polynomial Sequence
For n > 5, we can write the following equalities:

ag(x) =2x*a,(x) + 4x?a,(x) + 8a,(x)

In [4] the sum of the Tribonacci polynomials is obtained as
i T, () = Tpi2 () + (1 = %), G) + 7,00 — 1 a, () = 2x*a;(x) + 4x%a;(x) + 8a,(x)
AR X2+ x '
k=0
a,(x) =2x*a,_,() + 4x%a,_,(x) + 8a, _¢(x)

Theorem 2. Let (a,,(x)) is the polynomial sequence defined by ] ] S
(5) and T,(x) is the nth Tribonacci polynomial. Then for n > 4 Adding all these equations term by term and substituting initial
values we have

(2x* + 4x% + 8)[a, () + a,_, ()]

we have
! 2mA, (x) + 30x* + 12x2 — 59 S () =
Zak(x) = 2x% + 4x%2+7 " 2x* +4x2+7
k=0
- (4x% + 8) [a,_, () + a,_; ()]
Z () = 2"B,(x) + 30x* + 12x% — 59 + 2%t + dxZ 7
, 2x*+ 4x% + 7
k=0 8la,_,() + a,_s()] + 30x* +12x% — 59
+ .
Where 2x* +4x2 47
A, (x) = [x* + 4x2 + 8)T,, ., (x?) Let’s write Sy, (x):
+(—2x8 — 4x® — 2x* + 14x% + 28) T, (x2) x* + 4x% + 8)[ay, () + ay,_, (0]
n S, () =
2x* + 4x? + 7
36
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(4x2 + 8) [ayn_, () + a,, 3 ()] From Theorem 2 we have
2x* +4x%24+7 8
244,00 + 30x* + 12x2 — 59
B Loy () + a5 304 41206059 Do ) == e (16)
+ =
2x* + 4x2 + 7 ity - ) k=0
Using (13) and Theorem 1 we have
n where
2"A, (x) + 30x* + 12x2 — 59
S = ) 4, ) = T , (14) 4,00 = [(2x* + 4x% + )T, (x?)

k=0
where +(—2x8 — 4x5 — 2x* + 14x? + 28)T,(x?)
A, () = [x* + 4x2 + 8)T,, , (x?) +(—6x% — 16x° — 20x* + 22x% + 62)T; (x?)
+(—2x® — 4x5 — 2x* + 14x% + 28) T, (x2) +(—4x8 — 16x® — 29x* + 14x2 + 58)T, (x?)
+(=6x% — 16x5 — 20x* + 22x% + 62) T,_, (x?) +(—4x®—16x* + x? + 26)T; (x?)
+(—4x® — 16x5 — 29x* + 14x% +58)T,_,(x?) +(—4x* — 2x2 + 7T, (x?).

Using the definition of Tribonacci polynomials we have
+(—4x® — 16x* + x2 4+ 26)T,_;(x?)

+(—4x* — 2x% + DT,_,(x?).
A, () = [(2x* + 4x2 + 8) (x° + 3x1° + 3x*)
Let us find the following summation formula for n > 4,
+(—2x% — 4x° —2x* + 14x2 + 28) (x2 +2x° + 1

2n+1

Z a, (x). +(—6x8 — 16x° — 20x* + 22x% + 62) (x® + x?)
k=0
+(—4x8 — 16x° — 29x* + 14x2 + 58) (x*)
2n+1 2n
Z a, () =ay, (&) + Z a; (x) +(—4x® —16x* + x2 4+ 26).1
k=0 k=0

+(—4x* - 2x2+7).0
From Theorem 1 and (14) we have

=~ 2"B, (x) + 30x* + 12x% — 59
Z a () = 2%t + 4x2 + 7 ’ (15) Multiplying the polynomials we have
k=0
A, () = 2x%0 + 4x18 4+ 8x1° + 6x* + 12x12
where

+24x10 4+ 6x8 + 12x% + 24x* — 2x%0 — 4x18
B,(x) = [(6x* + 12x% + 22)T,,,, (x?)
—2x10 + 10x™ + 20x1% — 4x'° + 26x8 + 52x°
+(—6x8% — 12x® — 8x* + 30x% + 56) T, (x?)
—2x* 4+ 14x% + 28 — 6x1° — 16x™* — 20x*?
+(—14x8 — 36x° — 42x* + 36x% + 11T, _, (x?)]
+16x10 4+ 46x% — 20x° 4+ 22x* + 62x% — 4x1?

+(—4x8 — 16x° — 29x* + 14x2 +58) T, _, (x2)
n-2 —16x1° — 29x® + 14x5 + 58x* — 4x5 — 16x*

—Ay6 _ 4 2 2
+(—4x 16x* + x2 + 26)T, _53(x?) +x2 + 26,

The proofis completed. A,(0) =

8x12 +20x1° + 49x® + 54x° + 86x* + 77x2 +54. (17)

Example 1. Let us compute the following sum. From (16) and (17) we get
8 8
Z a; (x) Z a, (x) =64x% +32x°+ 104x* + 112x% + 115.
k=0 k=0
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3. Conclusions

In this paper, we define a polynomial sequence (a,, (x)) which is
a generalization of the integer sequence (a,) given in [1]. The
polynomial sequence is associated with the Tribonacci
polynomials and we get some properties of the polynomial
sequence.
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