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Abstract

In this study, we acquire some new class of lacunary convergent triple sequences by utilizing the notions of uncertainty theory and
Orlicz function. We examine some topological features of the established sequence spaces and obtain significant results.

Keywords: Almost convergent sequence, Orlicz function, Lacunary sequence, Complex uncertain variable.

Orlicz Fonksiyonu Tarafindan Belirlenen Karmasik Belirsiz U¢
Indisli Dizilerin Lacunary Yakinsakhigi Uzerine
Oz
Bu ¢alismada, belirsizlik teorisi ve Orlicz fonksiyonu kavramlar1 kullanilarak bazi yeni lacunary yakinsak ii¢ indisli dizilerin sinifini

elde ettik. Kurulan dizi uzaylarimin bazi topolojik 6zelliklerini inceledik ve 6nemli sonuglar elde ettik.

Anahtar Kelimeler: Hemen hemen yakinsak dizi, Orlicz fonksiyonu, Lacunary dizi, Kompleks karmagik degisken.
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1. Introduction

Theory of uncertainty was firstly originated by Liu [7]. Liu
defined convergence notions of sequences of uncertain variables
in the same study. The notions of uncertainty theory have been
examined from different aspects with applications. Complex
uncertain sequence spaces of uncertain variables were worked
by Tripathy and Nath [10]. After then, many researchers studied
on this topic (see [1,2,6,11]). The concept of lacunary sequences
was firstly given by Freedman et al. [3]. The aim of this study is
to investigate lacunary convergent complex uncertain triple
sequences with regards to (w.rt.)) an Orlicz function in
uncertainty space.

Orlicz function is a continuous, non-decreasing and convex
function defined as M: [0, o) — [0, o) with M(0) = 0, M(x) >
0 forx > 0 and M(x) - o as x - oo,

Lindenstrauss and Tzafriri [4] utilized the Orlicz function to
create the sequence space:

lM={y={yp}EW:zM<@><°°, for some p > 0y,

r=1
where w indicates the class of all sequences.

The space [, with the norm

vl = inf{ p > 0:35, m (22l) < 1),

becomes a Banach space which is named an Orlicz sequence
space. Recently, several authors investigated several Orlicz
sequences space (see [8 — 9].

We now present a brief of the uncertainty theory. Let L be a
o —algebra on a non-empty set I'.

A set function M is named an uncertain measure if it
supplies the subsequent axioms:

Al: M{T} =1;
A2: M{A} + M{A°} =1, forany A € L,
A3: For each countable sequence of {y j} €L,

we obtain

M U“" < ZM{yj}.
=1 j=1

j

The triplet (T, L, M) is named an uncertainty space, and every
element A € L is said an event.

2. Material and Method

With the description in the introduction, it can be observed
that this study is qualitative with grounded theory method.
Papers [6] and [7] supply concepts of convergence of uncertains
sequences and also [2], [5] and [9] provide a fundamental survey
of the lacunary convergence concepts of uncertain sequences.
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By utilizing the notions of uncertainty theory and Orlicz
function, we acquire new class of lacunary convergent triple
sequences.

3. Results and Discussion

Kisi and Unal [5] and Tripathy and Nath [10] examined the
notions of statistical convergence and lacunary statistical
convergence for complex uncertain sequence.

Now, we give the lacunary sequence notions of uncertain
triple sequences w.r.t. Orlicz function and examine the relations
among them.

Definition 3.1. The complex uncertain triple sequence (ijl) is
named to be lacunary strongly convergent almost surely (a.s.) to
o w.rt. an Orlicz function M provided that there is an event A
with M{A} = 1 such that

M”ijz(f) - U(T)” =0,
U,k DELst

lim
T,Sto00 hrst

forall T € A.

Definition 3.2. The sequence (ijz) is named to be lacunary
strongly convergent in measure to @ w.r.t. an Orlicz function M
provided that

lim M

7,5,t—>00

TET: M||yjkl(r) — a(‘[)” >pe|=0,

rst ..
Uk DElLyst

foreach p > 0.

Definition 3.3. The sequence (ijl) is named to be lacunary
strongly convergent in mean to o w.rt. an Orlicz function M

provided that
lm Bl ) M||y,-klcf>—a<r>n]=o-
75,600 rst .
Uk, DEIrst

Definition 3.4. Assume @, ®jy,, ... be the complex uncertainty
distribution of complex uncertain variables v,y respectively.
Then, the sequence (ijl) lacunary strong convergent in
distribution to a w.r.t. an Orlicz function M provided that

Z M||®(2) — 2(2)|| = 0

Uk DELst

lim
.5, t>0 hrst

for all complex z at which @ (z) is continuous.

We acquire the relations among the given notions below.

Theorem 3.1. When the sequence (ijl) lacunary strongly
convergent in mean to  w.r.t. an Orlicz function M, then (ijz)
lacunary strongly convergent in measure to o.
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Proof. With the aid of Markov inequality that for any p > 0, we
obtain

lim M

7,5, t—>00

terl: M|[yju (@) = (@] > p
rst Uk DELst
1
E [h_ S knerse M|y (@) = G(T)”]
< lim st =0

T rstow p

Thus, (ijz) lacunary strongly converges in measure to o w.r.t.
an Orlicz function M.

The converse of the theorem is not true. This can be indicated
with the subsequent example.

Example 3.1. Take into consideration the uncertainty space
(T, L, M). It becomes ' = {4, T, T3, ... } with

If
1
MPersneeh e
then
M(A !
() = SUPey e T sy e 1
if
1
SUPr s 1 S
Then
M) =1 !
T T WPt

otherwise M(A) = 0.5.

Consider uncertain variables as

(r+s+t+1)i if T=Trpsets
0, otherwise.

e = |

forr,s,t € Nand y(7) = 0. For p > 0, we acquire
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lim M

7,5, t—>00

Ter:

M”ijl(‘f) —o(@|>p

TSt ..
Uk DEIrst

= lim M|q7
7,S,t—>00
1
er— > Mlyu@|>p

rst .
Uk, DEIst

. . 1
= Jim M({gpa}) = lim -y

=0

as (j, k1) €. The
converges in measure to o.

sequence {y.s} lacunary strongly

But for each r,s,t = 2, we get the uncertainty distribution of
uncertain variable ||y sc — ol = || Yrstll 18

®, . (x) =0, where x < 0,

Qrq(x) =1—

;where 0 < x <r+s+t+1,
r+s+t+1

d,..;(x) = 1, otherwise.

E

> Mlyu® - o@)|
" (K DElrst
r+s+t+1

1
= f 1—(1——)dx=1.
r+s+t+1
0

Namely, the {y.(t)} does not converge in mean to o(7) w.r.t.
an Orlicz function.

Theorem 3.2. Assume the complex uncertain triple sequence
{Vrse} where {a,s} is the real part and {B,s} is the imaginary
part, for r,s,t € N. When the sequences {t,q:} and {Brst}
lacunary strongly convergent in measure to o, and 0,
respectively w.r.t an Orlicz function M, then the sequence {y,¢}
lacunary strongly uniformly convergent in distribution to o =
01t i0,.

Proof. The complex uncertainty distribution @ must have a
certain point of continuity w = q + it. For any ¥ > g,k > t, we
get

{orse < q, Brse < t}

= {orst < q,Brst < t, 00 < 9,0, <k}
U{arse < q,Brst < t,01 < 9,0, > K}
U{arse < q,Brst < t,01 > 0,0, > K}
U{awse < q,Brst < t,01 > 9,0, < K}
c{o;, <90, <k}

U {M|lops () — 01 (DIl =2 9 — g}
U{M||Brst(t) — 0, (Dl = 1 — t}
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With the aid of subadditivity axiom

Djja(w) = ®j(q + it)
< d(qg +it)
+ M{z € I M||ays (1) — 0:(D|| =9 — q}
+ M{z € T:||Brs (1) — 0D = k — t}.

As {5} and {B,4:} lacunary strongly convergent in measure to
o0, and g, respectively w.r.t Orlicz function M, so for p > 0 and

Uk, 1) € Ise

lim M<{t€T: Mo (T) — o, (D) =9 —q

7,5,t>0 rst ..
Uk, DELrst
>pr=0
and
) 1

lim M{t€Tr: M||Brst () —0,(D)|| =k — t

r,5,t—>00 hTSt

Uk DELst

>pr=0.

As aresult, we get

lim sup @j,(w) < @(q + it).

7,S,t—00

for any 9 >gq,k>t. Taking ¥ +ix —> q +it, we obtain
lim sup @, (w) < @(w).

7,5,t—00

On the other hand, for any x < q,y < t we acquire

{o1 <x,0, <y} ={ar <qfrst <t,00 < x,0, < y}
u {arst > q'ﬂrst < t'o-l < X, 02 < y}
u {arst = q'ﬂrst > t'o-l < X, 02 < y}
u {arst > q'ﬁrst > t'o-l < X, 02 =< y}
S H{arse < q, Brse <t}
U{Mllarst_alll >q_x}
U {M“ﬂrst - UZ” >t _y}

which means

Pji(x +iy) < @(q +it)
+ M{t € I': M||as (7) — 01 (D = q — x}
+ M{z €T:||frst (1) — 02, (DI = £ — ¥}

Since
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lim M{t€r: M|y (T) — oy (D) = q —x
r,5t—>00 rst ..
Gk DEIrst
>pr=0
and
Tgigz}wM TET M”Brst(f) - UZ(T)ll =t—y
. rst Uk, DElrst
>pr=0,
we get

7,5,t>0

for any x < q,y > t. Taking x + iy — q + it, we obtain

@(w) < lim infd;, (w).
7,5,t—>0

From the relations

lim sup @, (w) < @(w)

T8t

and ®(w) < litm inf @, (w)  that @y (w) > @(w)  as
r,5,t—>00

r,s,t > o and (j,k,1) € I,5;. Namely, {y,} lacunary strongly
uniformly convergent in distribution to o = g; + io,.

Theorem 3.3. If (ijz) is lacunary strongly convergent
uniformly a.s. to o w.r.t. an Orlicz function M, then (ijz) is

lacunary strongly convergent in measure to o w.r.t. that Orlicz
function M.

Proof. If (ijl) lacunary strongly convergent uniformly a.s. to o
w.r.t. an Orlicz function M, then

lim M

7,5,t—>00

T€eET:

Gk DELst

Z M|lyju (@) — o @)

7St (K DEl st
>pr|=0.

But
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M|<T€ET:

M”ijl('f) —a(@)|>p

st ..
Gk DEIrst

<M T
(kD EIrst

1
€ F:h Z M")’jkl(T) —o@|>p

TSt ..
Gk DEILst

So, (ijz) is lacunary strongly convergent in measure to o w.r.t.
that Orlicz function M.

Here, we present some new classes of sequences of uncertain
variables utilizing an Orlicz functions. Now, we present the
fundamental features of the spaces

[Ngm oM ] o [Ngm oM ]1, [Ngr,s,t, M ] " and acquire some

significant results.

Theorem 3.4. The complex uncertain sequence classes
[Ngr,s,t' M]O’ [Ngr,s,t’ M]I' [Ner,s,t’ M] .
are linear spaces.

Proof. We demonstrate the consequence for the class of complex
uncertain sequence [Ner s M] .
’S) o

The other situations can be showed in the similar manner.
Assume (ijz),(lljkz) € [Ner’s't, M] and «a, B8 € C. Then, there

exist py, p; > 0 such that

M ||ijz(T)||><oo

SupTSt p
TSt (K Delyse !
and
ikt (T)
SUD s M ”'u}kl || <
P2

TSt ,.
Uk DEIrst

Take p; = max(2apq, 28p;).

As M is non-decreasing and convex, we get
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M ”‘ijl(T) + BijL(ﬂ”)

. P3
Uk DEIrse

< Z M(M)_,.

. P3 .
(J,kDELst U.kDEILse

3 k(e )

. P1 P2
Uk DELst

< Z M(”ijl(’f)”>+ M(”Mjkl(’f)”>

. P1 P2
Gk DEIyst

M (”“#jkl(f)”>

P3

Gk DEIyst

1 e
ﬁsuprsth— M ”ayjkl(T) ﬁﬂjkl(’[)”)

TSt .. P3
Uk DEIrst

Ss,upmhi Z M(inyf"’(f)”)

rst .. P1
Uk DEIyst

+ supmi M <—”“"’“(T)”) < .
st GHoDElrst P2

So, we obtain ayjx (1) + B (r) € [Ner,s,t’ M] . As a result

[Ner,s,t' M]OO is a linear space.

Theorem 3.5. The spaces [Nﬂr,s,:'M]o' [Ngmlt,M]1 and
[Ngmt, M] Jare solid.

Proof. Take (ijz) € [Nemt, M]o' Then, there is a p > 0 such
that

1 .

7,5,t—> h
TSt G kD€ st p

Assume (ajkl) be a sequence of scalars such that |ajkl| <1
Then, for all , s, t we get

1 M ajkn/jkz(f)>< 1 M ijl(ﬂ)
st GKDElyse P forst G kDElyse P
Therefore, we obtain
1 A Vi (T
M M) o,
p

TSt Gk Delyse
S0, (ajkz)’jkz(f)) € [Ngmt,M]o.

Theorem 3.6. For any Orlicz function M, [Ngr‘s't, M] is a

normed linear space whose norm is determined by
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9(}’) = inf P > 0: SUDrst

st .. p
.k DEIrst

rs,t=123,..¢.

The infimum is taken over all p > 0.

Proof. Obviously, g(yjkl) =0, for all (yj,d) € [Ner's't, M]OO and

g(@) = 0. Assume py, p, > 0 be such that

u ||ijz(f)||) <1,

Suprst p
TSt kD€t !
i T
P M M) <1
P2

st ..
Gk DEIrst

Take p = p; + p,. Then, we obtain

SUPyrst

M (”ijl(T) + ﬂjkl(T)”)

M <||ijl||

rst .k, DELrst P
(D) + pi (T
< SUP,t M (”y]kl( ) +.u]kl( )”
rst (kD elyse P1 P2
1 (T
< Sup,q —— P1 M <||V1kl( )”)
p1+ P2 P1

rst ..
U kDELst

)

)i

n P2 M (”ﬂjkl(‘f)"
p1t+p2 P2
< l_)l_l SUPyst hl M 7”)/].“ (T) ”)
P1 T P2 TSt KD ” P1 ”
P2 1 Kk (T) )
M|—— | <1.
p1t+p2 StPrst hyst P2

(U k. DEst

As the p’s are not negative, so we get,

g (ijl(f) + Ujka (T))

=inf{p

1
> 0: sup,¢ T
TSt Gk Delyse

p

||ijz(T) + Iijkz(T)”)

1 .
=inf{p; > 0:suprsth— M ”ylkl(f)”)
TSt (K DElpst P1
+infq p; > 0:suprg M M)
2

st ,.
Uk DELst

=g (ijz (T)) +g (#jkl(‘f))
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IA

IA

IA

1

1

1

As aresult

g (ijl(T) + #jkl(f)) =g (]/jkz (T)) +g (Iljkz(’f))-
Now, & € C, suppose & # 0, then

g (ijkl(T)) = inf{p

1 i T

> 0:suppg — M w)
St K DElyst P

<1

= inf{ |&]|r

1
> 0: SUP;st h_
TSt (G kDElrst

M ”fl’jkl(‘f)”)
r

p
<1lp;r=—
"
=inf{r
> 0:sup,g; M 7”)’]’}(1(7)”) <1
TS (K DElrst 4
= [¢lg (ijl(T))-

This finalizes the proof

Theorem 3.7. The spaces
[Ngmt, M]o’ [Ngmlt, M]1 and [Ngmt, M]oo are monotone.

4. Conclusions and Recommendations

This study establishes the various lacunary strongly
convergent notions of the triple sequences of uncertain variable
with regards to Orlicz function. The consequence obtained here
generalizes the existing conclusions.
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