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Abstract

In this study, we investigate the form of the solutions of the following rational difference equation system
Zn-1Zn-3 y — Xn-1Xn-3 7 = yn—lyn—S
o —Yn-2 + 6xn—3 o Zpn— t+ 14':Yn—3

Xn =

= ,n €N
Xn—2 + ZZn—S 0

where initial values x_3, X_,, X_1,Y_3,Y—2,V_1, Z_3, Z_3, Z_1 are nonzero real numbers, such that their solutions are associated with
Pell numbers. We also give a relationships between Pell numbers and solutions of systems

Keywords: System of difference equations, Pell numbers, Representation of solutions, Binet formula, Solutions.

Uc Boyutlu Fark Denklem Sistemlerinin Pell sayilar1 yardimyla

Coziimleri
Oz
Bu c¢alismada
_ Zn-1Zn-3 _ Xn—-1Xn-3 _ Yn-1Yn-3
Xn Vn z ,n €N,

B Xp—2 t 2Zn—3 ' B ~Yn—2t 6xn—3 e Zn2 t 14'yn—3
rasyonel fark denklem sisteminin ¢6ziim formlarin1 Pell sayilartyla iligkili olacak sekilde arastirildi. Burada — x_3, x_,,
X_1,Y-3,Y-2,Y-1,Z_3, Z_o, Z_1 baslangi¢c degerleri sifirdan farkli reel sayilardir. Ayn1 zamanda sistemin ¢oziimleri ile Pell sayilar
arasindaki ligkiler de verildi.

Anahtar Kelimeler: Fark denklem sistemleri, Pell sayilari, Coziimlerin temsili, Binet formiilii, Coziimler.
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1. Introduction

Nonlinear difference equations and equation systems have
long interested researchers in the field of mathematics as well as
in other sciences. There are many recent investigations and
interest in the field of nonlinear difference equations from
several authors. (see, for example, [1]-[27] and the related
references therein). For example,

Cinar [1] studied the difference equation and found its
solutions

Xn-1

_mt (1.1)
1+ x,%,1

Xn1 = ,n €Ny

In [2], Tollu et.al. studied the solutions and asymptotic of the
difference equations

8Xn—f — Xn—k—1 (1.2)

.an—k—l + XnXn-1

Xn41 = OXp_p +

In [3], Elsayed obtained the solutions of the difference
equation
bxnxn—l

cxy, +dx,_,

(1.3)
Xp41 = AXpq +

In addition, [9]-[12] studies have had different approaches to
the solution of difference equations. There are also studies on the
solutions of difference equation systems. For example;

Sahinkaya et al. [4], in their study, starting conditions are real
numbers, they defined the difference equation system

X _ *n¥n +a (1.4)
n+1 Xy, +yn ’
_ YnZpta
Yn1 = vt 2z,
ZnXp +a
Zny1 = 7271 +x,

They also obtained the general solutions in closed form.
Halim et al. [5], in their study; investigated the solutions of
on a three-dimensional system of difference equations

n+1 a+ bynZn_l ]
_ Xn-1

Ine1 =y bz,x,_ 1’
y = Yn-1

" a bxnyn-1

In addition, in the studies [13]-[20], there have been
approaches from different perspectives on the solutions of
difference equation systems. There are also studies that related
the solutions of difference equations or systems of difference
equations with some integer sequences (see, for example, [20]-
[26] and the related references therein). For example,

Yazlik et al. in [6], considered the following difference
equation systems

e-ISSN: 2148-2683

_ xn+1 i 1 (1.6)

x _ yn—l i 1
n+1 Yo Xy —

1 Y1 = XnYn-1

They also show that their solutions are associated to Padovan
numbers.
Tollu et al., in [7], studied the systems of difference equations

1+p, 14
7!yn+1_—!

qn Sn
n € Ny

(1.7)

Xnt1 =

and solved fourteen systems out of sixteen possible systems. In
particularly, the representation formulae of solutions of twelve
systems were stated via Fibonacci numbers.

Okumus et al., in [8], considering four rational difference
equations

. F1 (1.8)
me xn(xn—l - 1) +1

+1
xn(xn—l + 1) i 1 ’

Xnt1 =

they examined their solutions with Tribonacci numbers.

Now we give information about Pell numbers that establish a
large part of our study.
Pell sequences are given such that

Pn+1=2Pn+Pn—1 ;nZl
with initial conditions P,=0, P;=1.

(1.9)
It can be easily obtained that the characteristic equation of (1.9)
has the form

A-22-1=0
having the roots

Binet formula for Pell sequences
b a - p" (1.12)
n - o — B

In this study, we consider the solutions of the following three-
dimensional difference equation systems
Zpn-1Zn-3

(1.12)

X, =———
" Xpop 22y
3, = Xn-1Xn-3
" —Yn-2 + 6xn—3’
2, = Yn-1Yn-3 nEN,
Zn_y + 14y,_3

such that their solutions are associated with Pell numbers. We
also establish a relationship between Pell numbers and solutions
of systems.

Our aim is to show that system (1.12) is solvable by finding
its closed-form formulas through an analytical approach and
solutions are relationship between Pell numbers, in our present

paper.
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2. Material and Method

In our study, we investigated the solution and the relationship
between solutions and Pell numbers, by using the apply the
change variables, the Binet formula and recurrence relations of
Pell numbers.

3. Results and Discussion

Assume that {x,, Y, Z Inen, IS @ well-defined
solution to system (1.12). Then we have

Xn—2 + 22n—3

(3.1)

Zn—-1 _
Xn Zn-3

)

Xn-1 _ ~YVn-2 t 6xn—3

Yn Xn-3

’

Yn-1 — Zn—-2 + 14yn—3

Zn Yn-3

If we apply the change variables forn > -2 ,
we have

(3.2)

Then system (1.12) can be written as

(3.3)

U, = + 2,

Up—2

vy = + 6,

Un—2

+ 14

w, =
Wn_2

If we arrange the equations (3.3), we have

2u,_,+1
U, = ———,
" Up-2
617-”_2 - 1
V= ——,
" VUn-2
14w, _, +1

Wn_2

(3.4)

wy, =
Let
u, for uﬁ,ll) = Upmais (3.5)

@ _
Up—p for u;, " = Upm-1)+

v, for v = vy i (3.6)

Un-2 for v )1 - Vz(m 1)+i
wy, for w = wyii, 3.7)

()

Wn_2 forw -1 = WZ(m 1)+i

where n € N, i € {0, 1}

By using equations (3.5), (3.6), (3.7), we can write the
equation (3.4) as

e-ISSN: 2148-2683

m 0) )

V. ‘ =
m NOp
14w(‘) +1
O _ 1

m (L)
m 1

Through an analytical approach, we put

O =

m 1

(3.9)

Tm-1

L0 = Sm

m 1

(3.10)

w® tm (3.11)

m 1
tm—l
Using the equations (3.9), (3.10) and (3.11), we can write the
equation (3.8) as

Tma1 = 2T + Ty (3.12)
Sm+1 = 6Sm = Sm—1 (313)
tmes = 14t + ty s (3.14)

Thus, we converted it to linear equations.

Firstly, let’s find to root of linear equation (3.12).
If we write the characteristic equation

A2—-21-1=0,

roots of the equation are

L=14+V2=a ,A,=1-V2=8

It turns out to that the roots of (3.12) are the same as the roots
of the Pell number sequence.

Then general solution of the equation (3.12)

m=c(1+V2)™ + (1 —V2)™ (3.15)

where ro, r. are initial values.

Hence

ro = C1 + C2

= cl(\/i— 1) -c,(V2+1)

Using the initial values ro, r.1 with some calculations and
written at (3.15), we get

o r1+(2\/_+1)r0(1 \/E)m+
T_l + (1 \/_)ro m
1-+v2
SN CRRE)
_ ro[(1+\/f)m+1 (1 \/_)m+1]
2v2

435



Avrupa Bilim ve Teknoloji Dergisi

ra [(14V2)" - (1-V2)"]

22
Hence we have
. rol(@™* = (B)™*] N (@)™ = (B)"]
" a—p a—p
By using the Binet formula in equation (1.11)
Tm = r0Pm+1 + T_IPm (316)
When we substitute (3.16) using (3.9)
=10
u_1 - T’_1’
To 3.17
u® _ ToPpys +1aPy 5 Pm” + Bn (3.17)
o1 = ToPn +7_1Pyy TOP + Py
1Pm+1 + P
—1Pm + Pm—l
Using (3.8) and (1.9) we have
o _ U_ 1Py + Py (3.18)
" u—lpm+1 + Pm
Using (3.5), (3.17) and (3.18), we have
O _ U_1Pymyo + Popaq (3.19)
am U_1Pyms1 + Pom
@ _ U-1Pemsz T Pomyo (3.20)
Uymt+1 =

U_1Pymyo + Popaq

Theorem 3.1 Let {u,, v,,, w,},»_» be a well-defined solution to
the system (3.4). Then, for u,,

Z_1Peny1 + X% Pen

Ugn =
Z_1Pen + %0 Pon_1
u _ Z_1Pepia + XoPen 1
6n+1 =
" Z_1Peny1 + xoPen
u _ Z1Penis + XoPsp2
6n+2 =
" Z_1Peniz + xPsi_3
u _ Z_1Pepiq + XoPen 43
6n+3 =
" Z_1Penis + xoPsi_s
u _ Z1Penys + XoPsna
6nt+a =
" Z_1Penia + %Psi_s
Z_1Pente T X0 Ponss
Uen+s =

Z_1Penss + xoPsi_¢

e-ISSN: 2148-2683

Pr00f Putting in place m={3n,3n+1,3n+2}, the equation u_; =
and Pell sequence in the equations (3.19) and (3.20), the
X0

Z_1—
desired equality is found.

Also the equations {ug;, Ugi—1,Usi—2, Usi—3 Ugi—4 Usi—s5 } aTE
found by taking m={31,3i-1,3i-2}, i€{1,2,3,...} in (3.19) ina
similar way. m

Now, we find the roots of linear equation (3.13).
If we write characteristic equation of (3.13), we have
A—-61+1=0

Roots of the equation are

A =3+42V2 =a?
Ay =3—2V2 = p?

It turns out to that the roots of (3.13) are related the roots of the

Pell number sequence.
Then general solution of the equation (3.13) is
Sm = 1(3 +2V2)™ + ¢, (3 — 2V2)™ (3.21)

where Sp, s-1are initial values.

Hence
SO = C1 + C2

s.i=0(B+2V2) T+, (3-2V2)!
And we have

_ (3+2v2)sg—s_4 o = 5-1—(3-2V2)s
- wz 0 ET 4z

Using the initial values sp, s.1 with some calculations and
written at (3.21), we get

_ (3 + 2\/?)50 —S_

S = 4\/_ (3+2v2) +
- (3-2V2)s,
e
o3 +2v2)" - (3 zf)"” ]
) w2
s.|B+2v2)" - 3-2v2)"]
42
Hence we have
o = Sol(@®)™* = (BH™] s l(@®)™ = (BH)™]
" 2(a—p) 2(a—p)
By using the Binet formula in equation (1.11),
_ SoPami2 —S_1Pom (3.22)

Sm 2

When we substitute (3.22) using (3.10),
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U(i) _ Sm v = S_O
m—1 Sm_1 ’ —1 5_1
So
1](i) _ SoPom+2 — S—1Pom _ :P2m+2 - P2m (3-24)

m-1 "

— ~ So
SoPom —S_1Pom—2 S—PZm — Py
1
V1P — Pom

V_1Pom — Pom—2

Using (3.8) and (1.9) in (3.24), we have

@ _ V-1Pam+a = Pamsa (3.25)
" V_1Pomi2 = B
Then by considering (3.6), (3.24) and (3.25), we have
O _ V_1Pymsa — Pams2 (3.26)
am V_1Pims2 + Pam
(l) _ V_1P4_m+2 - P4m (327)
Vom-1 =

V_1Pym—2 — Pam_s

Theorem 3.2. Let {u,, v,, W, }n>_, be a well-defined solution to
the system (3.4). Then, for v,,

_ X_1Piznsp — YoPi2n

Ven =
X_1P1on — YoPion—2
v _ X_1Pignia = YoPizns2
en+l1 —
X_1P1ony2 = YoPion
v _ X_1Pignie = YoPron+a
en+2 —
X-1Pin+a = YoPizn+2
v _ X_1P1anig — YoPran+e
6n+3 —
X-1P12n+6 — YoPi2n+a
v _ X_1P1ani10 = YoPron+s
en+4 —
X-1P12n+s — YoPi2n+e
_ X_1Piani12 — YoPran+10
Ven+s =

X_1P12n+10 — YoPizna+s

Proof. Putting in place m={3n,3n+1,3n+2}, the equation v_; =
Y0 and Pell sequence in the equations (3.26) and (3.27), the

6Y0—X-1
desired equality is found.

Also, {ve;,Vei—1,Vei—2,Vei—3 Vsi-a Vei—5} ©€quations are
found by giving m={31,3i-1,3i-2}, i€{1,2,3,...} values in (2.19)
in a similar way. m

Now, we are finding the roots of linear equation (3.14).
If we write characteristic equation of (3.14), we have
A2—-141-1=0
Roots of the equation are
M=7+52=0a® ,2,=7-5V2=p"

It turns out to that the roots of (3.14) are related the roots of the
Pell number sequence.

e-ISSN: 2148-2683

Then general solution of the equation (3.14) is

tm = 1 (7 4+ 5V2)™ + (7 — 5V2)™ (3.28)

where to, t1 are. initial values.
to - Cl + Cz
t—l = C1(7 + 5\/5)_1 + Cz(7 - 5\/5)_1
And we have

_ (7+5V2)to+t_q

_ t_1+(7-5V2)t
1 10\/5 ’ 2

-10v2

Using the initial values sp, s.1 with some calculations and
written at (3.28), we get

_(745V2)tg +t_y

tm T (7 +5V2)™
t_y +£710—\/52\/§)t0 7 — 5y
to[(7+5v2)"" = (7 -5V
10v2
= [(7+5v2)" - 7 - 5v2)"|
10v2

Hence we have

(@)™ - (8"

3 to[(aS)m+1 _ (33)m+1] N
S(a—p)

tm = 5(a—p)

By using the Binet formula in equation (1.11)

_ toPamyz T t_1Papy
=

5
When we substitute (3.29) using (3.11)

(3.29)

® _ -
Wm=-1 =7 Woyg =7

to 3.30
wd toPamez +t1P3m ¢ Pam+s + Psm (3:30)

ML toPyp + t_y Pa_s ;—°P3m + Pyp_s
-1

_ W_1P3py3 t+ Py

 W_1Pay + Papn_y
Using (3.8) and (1.9) in (3.30), we have

(3.31)

w® = W_1P3mi6 + Pamas
" W_1P3my3 + Papy

Then by considering (3.7) ,(3.30) and (3.31), we have
W _ W_1Pem+6 + Poma+3
2 Wy Pemes + Pom

(3.33)

@ _ W-1Psmiz + Pem (3.34)

w. =
2m-1
W—1P6m P6m—3
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Theorem 3.3. Let {u,, v,,, W, }n>_» be a well-defined solution to
the system (3.4). Then, for w,,,

_ Y-1Pigisz T ZoPrg;

Wei
Y-1Pigi + ZoPigi—3
w _ Y-1Pigi + ZoPigi—3
6i-1 =
Y-_1Pigi—3 + ZoPigi_g
w _ Y-1Pigi-3 + ZoPi1gi
6i-2 =
Y-1Pigi—6 + ZoPigi—o
w _ Y-1Pigi—6 + ZoP1gi—o
6i-3 =
Y-1Pigi—g + ZoPigi_12
w _ Y-1Pigi—9 + ZoPi1gi—12
6i—a =
Y-_1Pigi—12 + ZoPigi_1s
_ Y-1Pigi—12 + ZoPygi-15
Wei—5 =

Y-1Pigi—15 + ZoP1gi—1s

Proof. Putting in place m={3n,3n+1,3n+2}, the equation w_; =
%o and Pell sequence in the equations (3.33) and (3.34),

Y-1—14z
the desired equality is found.

Also the equations {Wg;, Wei—1,Wei—2, Wei—3 Wei—a Weis }
are found by taking m={31,3i-1,3i-2}, i€{1,2,3,...} in (3.19) in
a similar way.m

Corollary 3.1. Let {x,, ¥, z,} be a well-defined solution to the
system (1.12).

Now we take

Xp = Zn_l, n €N, (3.35)
Un
Xn—
b= e (3.36)
Un
Yn- 37
Zn = l;l/nl' nENO (33)

Using equalities (3.36) and (3.37) in formula (3.35), after some
calculations we have
(3.38)

X6n—6

UenWen-1Ven—2Uen—3Wen-4Ven—s5

Xon

Using equalities (3.35) and (3.37) in formula (3.36), we get
Yen-6 (3.39)

Yen =
VenUon-1Wen—2Ven-3Uen—-4Wen-s

Using equalities (3.36) and (3.37) in formula (3.35), we get
Zen—6 (3.40)

Zen =
WenVen—-1Uen-2Wen-3Ven-4Uen-5

Multiplying the equalities which are obtained (3.38), (3.39)
and (3.40) from 1 to n, respectively, it follows that
(3.41)

e-ISSN: 2148-2683

Xo
x6n = n )
Hi=1 UeiWei—1V6i-2U6i—3W6i-4Vsi-5
Ven = Yo (3.42)
en — n ’
171 V6ittei-1Wei-2V6i-3Ugi-aWei-s5
_ Zo (3.43)
Z6n -

n
Hi:1 WeiVei—1Ugi-2Wei-3V6i—aUgi—5

Using the equalities (3.41), (3.42) and (3.43) in (3.35), (3.36)
and (3.37), we get

Xen-1 = YenVen (3.44)
(X—1P12n+2—YOP12n)
— O \x_1P12n~Y0P12n—2
n
1721 Veiltei-1Wei—2Vei-3Usi—aWei—s
Yen—-1 = ZenWen (3.45)
(Y—1P18n+3+201’18n)
2o\ p oo
_ Y-1P1gn+ZoP1gn-3
n
[TFo1 WeiVei—1U6i—2Wei-3V6i—alsi—s
Zen-1 = XenUen (3.46)
(Z—1P6n+1+x0P6n)
— 0 Z_1Pen+XoPsn—1
n
171 U6iWei—1V6i-2Usi-3Wei-4Vsi-s5
Similarly, using the equalities (3.44), (3.45) and
(3.46) in (3.35), (3.36) and (3.37), we get
Xen—2 = Yen-1Ven-1 (3.47)
(Y—1P18n+3+ZoP18n) X—1P12n—YoP12n-2
— O \y_1Pign+2oPisn—3/ “*—1P12n-2—YoPizn—a
n
171 WeiV6i—1U6i—2Wei—3V6i—aUsi-s
Yon-2 = Zen—-1Wen-1 (3.48)
(z—1P6n+1+x0P6n) Y-1P1gn+ZoP18n-3
O \z_1Pen+xoPen—1/ “V—1P1gn-3+ZoP1sn—se
n
[TFo1 U6iWei—1V6i—2U6i—3Wei—4V6i—5
Zen-2 = Xen—1Uen—1 (3.49)

Z—1Pen+XoPen—1

(X—1P12n+2—}’oplzn)

O \x_1P12n—YoPizn—2
n

171 Veiltei-1Wei—2V6i-3Usi—aWei—s

Z_1Pen—1+XoPsn—2

Using the equalities (3.41), (3.42) and (3.43) in (3.35), (3.36)
and (3.37), we obtain

x _ _Zen (3.50)
6n+1 —
Usn+1
( Z_1Pen+1+XoPen )

Z_1Pen+2+XoPen+1

= n
[T 1 WeiVei—1U6i—2Wei—3V6i—aUsi—s
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Xén (3.51)

Ven+1

Yen+1 =

x ( X—1P12n+2=YoP12n )
0
X-1P12n+4=YoP12n+2

n
[T U6iWei—1Ve6i—2U6i—3Wei-aVsi-s

Yen (3.52)
Wen+1

Zen+1 —

Y-1P1gn+3+ZoPign

B Yo(

~1n
Hi:l Veilei-1Wei—2V6i-3U6i-4W6i—5

Y-1P1gn+6+ZoPisn+3

Similarly, using the equalities (3.50), (3.51) and (3.52) in (3.35), (3.36) and (3.37), we get

o Y-1P1gn+3+ZoP1gn Z—1P6n+2+x0P6n+1) (3.53)
_ Zen+1 _ Y-1P1gn+6+2Z0P18n+3” Z-1Pen+3+XoPsn+2
Xen+2 = = n
Uen+2 [T veilti-1Wei—2Vei-3Usi-aWei-s
2o Z-1Pen+1+X0Psn  X-1P12n+4=YoPi2n+2 (3.54)
y, _ Xen+1 _ Z—1Pen+2+X0Pen+1” X-1P12n+6—YoP12n+4
6n+2 — - n
Ven+2 [Tio1 WeiVei—1U6i—2Wei—3V6i—aUsi—s
X, X—1P12n+2—-YoPi2n ~ V-1P18n+6+ZoP18n+3 (3.55)
_ Yen+1 _ X—-1P12n+4—YoP12n+2” "Y-1P1gn+9+ZoP1gn+6
ZGn+2 - - Hn
Wen+2 i=1 U6iWei-1V6i—2U6i-3Wei-4V6i-5
Similarly, using the equalities (3.53), (3.54) and (3.55) in (3.35), (3.36) and (3.37), we have
xo( X—1P12n+2-YoP12n - Y-1P18n+6tZ0P18n+3y Z-1Pen+3+tX0Pen+2 (3.56)
_ Zen+2 _ X—1P12n+4—YoP12n+2" "YV-1P18n+9+ZoP1sn+6” Z-1Pen+4+XoPen+3
x6n+3 - - Hn
Ugn+3 i=1 Y6iWei-1Ve6i—2U6i—3Wesi-4V6i-5
yo(x—1P12n+6—)’0P12n+4 Y-1Pign+3+ZoPign Z—1P6‘n+2+x0P6‘n+1) (3.57)
y, _ Zen+2 _ X—1P12n48—YoP12n+6” Y—1P18n+6+Z0P1sn+3” Z—1Pen+3tX0Pen+2
6n+3 — - n
Uen+3 [Tis1 UeiWei-1V6i—2U6i-3Wei-4Ve6i-5
Zo( Z-1Pen+1+XoPsn N X-1P12n+a—YoPi2n+2+  Y-1P18n+9+Z0P1gn+6 (3.58)
7 _ Yen+2 _ Z_1Pen+2+X0Pon+1” X—1P12n+6—YoP12n+4" Y-1P1gn+12+ZoP1gn+9
en+3 — - n
Wen+3 [1i1 WeiV6i-1U6i—2Wei-3V6i-aU6i-5

Thus, by examining the solutions of difference equation
systems in the literature, it was investigated the relationships
integer sequences. In this study, the closed-form solutions of
three-dimensional difference equation systems were found with
an analytical approach and the relations between these solutions
with pell number sequences were investigated.

4. Conclusions and Recommendations

In this work, we have successfully established in a
constructive way the closed-form solution of system of rational
difference equation

x. = Zn-1Zn-3
" Xn—2 + 22n—3'
3, = Xn-1Xn-3
n—- __ . -
~Yn-2t 6xn—3
, = Yn-1Yn-3
n — Y
Zn-z + 14yn_3
Where neN, and initial values  x_;, x_,, x_,,

Yz, V-2, V-1, Z_3, Z_p, Z_, are nonzero real numbers. We
correlated their solutions with pell numbers. We write the
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solutions in terms of Pell numbers with the help for Pell’s Binet
formula.

The results in this article can be extended to a similar system of
difference equations with the help of the Binet formula. It can be
generalized to be expressed by number sequences such as Pell-
Lucas, Jacopsthal, Fibonacci, Horadam number sequences.
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