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Abstract

The adjoint approach is usually used to study the crank-rocker linkages’ coupler curves and the geometry of rigid objects in spatial
motion. In this paper, the adjoint approach between a spatial curve and a ruled surface based on the Bishop frame is presented. Also, a
ruled surface by using the components of the Type-1 and Type-2 Bishop frames is expressed. Moreover, for a curve that adjoint to a
ruled surface the fixed point conditions concerning the Bishop frame are determined. Finally, we presented four examples to show the
relationship between the ruled surface and its adjoint curve.

Keywords: Type-1 Bishop frame, Type-2 Bishop frame, Serret-Frenet frame, adjoint curve, ruled surface.

Bir Uzay Egrisi ve Regle Yiizey Arasinda Bishop Catisina Dayah
Bitisik Yaklasimi

Oz

Bitisik yaklasim genellikle krank-rocker baglantilarinin kuplor egrilerini ve uzay hareketinde kati cisimlerin geometrisini incelemek
icin kullanilir. Bu makalede, Bishop ¢atisina dayali bir uzay egrisi ve bir regle yiizey arasindaki bitigik yaklagim sunulmaktadir. Ayrica,
Tip-1 ve Tip-2 Bishop catilarinin bilesenleri kullanilarak bir regle yiizey ifade edilmistir. Ayrica, bir regle yiizeye bitisik bir egri igin

Bishop ¢atisina bagli sabit nokta kosullar1 belirlenmistir. Son olarak, regle yiizey ile onun bitigik egrisi arasindaki iliskiyi gostermek
icin dort 6rnek sunulmustur.

Anahtar Kelimeler: Tip-1 Bishop ¢atisi, Tip-2 Bishop ¢atis1, Serret-Frenet ¢atisi, bitisik egri, regle yiizey.
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1. Introduction

The Serret-Frenet frame is formed for the curve which is
differentiable nondegenerate curves. Since, the curvature may
vanish at some points on the curve when the Serret- Frenet frame
is used, Bishop defined a new frame for a space curve and called
it the Bishop frame (parallel transport frame). Bishop frame can
be defined even if the curve has a vanishing second derivative in
[E3. The advantages of the Bishop frame and relationship between
the Bishop and the Serret- Frenet frame in E* can be found in [1]
and [2].

The adjoint approach is widely studied on the properties of a
spatial curve or a surface with a spatial curve or surface [3, 4],
such as the properties of an involute and evolute of a curve or
Bertrand curves [5]. Also, some researchers have been used the
adjoint approach in mechanical engineering [6, 7, 8, 9].

In this study, we present the ruled surface by using the
components of the Type-1 and Type-2 Bishop frames. Moreover,
we express the generator trihedron of this ruled surface and
determine the fixed point FP conditions for a curve that adjoint to
a ruled surface based on the Bishop frame.

2. Preliminaries

A spatial curve a:1 ¢ R — E3 in E3 is called a unit speed
curve if [|@’(s)|| = 1, where s is the arc length parameter of this

curve.  Serret-Frenet frame of the curve a(s)
in E3 parameterized by arc length parameter s is given with
r
a(s)=T, =Nand TXN=B, )

il

where the unit vectors T, N and B are called the unit tangent, unit
principal normal, and unit binormal vectors, respectively. Also,
the invariants k = k(s) = ||T'(s)|| andt = t(s) = ||B'(s)l|
of this curve are the curvature and the torsion at the point s,
respectively. The derivative formulas of the Serret-Frenet frame
are written as

T 0 k O][T
N'|=]-x 0 <t|[N| 2
B’ 0 -t 0llB

The Bishop frame [1] is based on parallel fields. Parallel
transport of the Serret-Frenet frame along the curve a can be
defined as a parallel transporting each component of the frame.
The derivative formulas of the Type-1 Bishop frame are expressed
with the following equation.

M; =[—k1 0 o||m] (3)
my| |-k, o ollm,

where {T, M, M,} is the Type-1 Bishop frame, and k, and k, are
called the first and second Bishop curvature, respectively [1].
Moreover, the relationship between the Serret-Frenet frame and
Type-1 Bishop frame can be expressed as

e-ISSN: 2148-2683

T=T
N =cospM;{+sinp M, “4)
B = —singp M, + cos ¢ M,,

where @(s) = arctan (’;—j), 1(s) = (Z—f) and x(s) =

’klz + k,%. Also, Type-1 Bishop curvatures are defined with

ki =xcosp, k,=xsing.

The Type-2 Bishop frame formulas are given below:

N 0 0 —u 1[N
Ny|=|0 0 —u||Nz) (5)
B’ b op2 0 ILB

in which {N{, N,, B} is the Type-2 Bishop frame, y, and u, are
called the first and second Bishop curvature, respectively [1].
Also, we can express the relationship between the Serret-Frenet
frame and Type-2 Bishop frame as

T =sinp Ny —cos¢p N,
N =cos¢p Ny +sing N, (6)
B =B,

where ¢(s) = arctan (%) ©(s) = Jii2 + 1,2, Additionally,
1
Type-2 Bishop curvatures are defined by

Uy =—tcosp, pU, =-—tsing.

2.1. Ruled Surface

A ruled surface is a surface generated by moving a line in
space. A ruled surface is shown as;

R(u,t) = a(u) + tl(w) (7

where a(u) is the directrix curve and the unit vector I(u) is the
direction vector of the generator or the ruling of the ruled surface
(see Figure (1)).

| 1)

/ a(u)

Figure 1: A ruled surface

Definition 1: The point of a ruling of a ruled surface at which the
tangent plane of the ruling is perpendicular to the limit position of
the tangent plane is called the striction point of the ruling. The set
of all striction points forms a curve called the striction curve of
the ruled surface. The striction curve can be presented with the
following equation [10]:
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da dl
ar\?
()
Theorem 1: The directrix curve is the striction curve of the ruled
surface R(u, t) if and only if

b(u) = a(u) - A@w. ®)

da dl
——=0, 9

du du ©)
in which I(u) and a(u) are the generator and the directrix curve
of R(u, t) [11].

Since, a directrix curve can be any curve if the curve
intersects with all the rulings, the ruled surface R(u,t) can be
rewritten by considering the striction curve with

R(u,t) = b(w) + tl(w). (10)

On the other hand, the trihedron that is located on the striction
curve is called a generator trihedron. We can present this trihedron

as {b; x4, X, x3} and the differential formulas of this trihedron are
defined as

db

o Axq +1x3

dxl

—_ xz

do (11
dx, )
do - Xt pxs

dx;

do_ - pxz

where A,  and p are called the construction parameters and they
are a ruled surface’s kinematic invariants. Also, ¢ is the spherical
image curve’s arc length and the relationship between o and u
can be expressed with

dl
do = —| du. (12)
du

The geometrical meaning of these kinematic invariants is that:

i) A is the angle between the striction curve’s tangent
vector and the generator and can be determined as

db db

_ __da
A—_do_.x1 __|dllL| .l, (13)

du

i) n is the distribution parameter and can be
determined as
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db , dl
a (215
U—%-xs—?' (14)
du
iii) p is the spherical image curve’s geodesic curvature

and can be determined as [11]

dl d?l
dl d?l L—,—
p= (l ) _ ( du duz) (15)

"do'do?] |dl3 '
du

3. A Spatial Curve Adjoining A Ruled
Surface Based On Bishop Frame

We examined a spatial curve adjoining a spatial curve
according to the Type-1 and Type-2 Bishop frames in [12]. Now,
we will examine a spatial curve adjoining a ruled surface
according to the Type-1 and Type-2 Bishop frames. For this
purpose, let’s take a ruled surface R(s, t) in the fixed coordinate
system {0; i, j, k} with

R(s,t) = a(s) + tl(s) (16)

where s is the arc length parameter. A point P that does not belong
to the ruled surface R(s,t) traces a curve 1 in the same fixed
coordinate system {0; i, j, k}. Consequently, each position of the
point P along the curve r* adjoint to the generator of the ruled
surface R(s,t). The curve r* is called an adjoint curve and the
surface R(s, t) is called an original surface [11] (see Figure (2)).

i

Figure 2: The spatial curve r* adjoint to the ruled surface
R(s,t).

Let us express this curve adjoint to the ruled surface R(s,t) by
using Type-1 and Type-2 Bishop frame in the following
subsections.
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3.1. Type-I Bishop Frame {a;T, M, M,}
3.1.1. The Generatoris T

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit tangent vector T the curve a(s) according to
the arc length parameter s as

R(s,t) = a(s) + tT(s). (17)

On the other hand, since Z—:.% =T.(kyM; + k,M;) =0

according to Theorem 1, the directrix curve a(s) can be taken as
a striction curve. Therefore, we can express the generator
trihedron of the ruled surface R(s, t) as

k.M, + k,M,
X1=T x9p=——"—"—
/k12 + k,”
(18)
kM, — k,My
X3 = —

/klz + k,°
The relationship between ¢ and s is 2 = ki* + k,”. The
das

differential formulas of the generator trihedron are given below:

— =
do 1

dxy
do
] (19)
de

— = —Xq + px
do 1T PX3

X2

dx:; _

2

in which the kinematic invariants are determined as follows:

1 klké - kzki
Azi[' n=0 P ok (0)
k12 + kzz (kl + kZ )
where ki = 24 and ky = dez.
ds ds

Remark 1: It should be noted that the kinematic invariants
have a relationship with the torsion of the directrix curve a(s),

since /klz + k% = k.

The adjoint curve r* of the ruled surface R(s,t) can be
written as

r"=a+71=a+ux;+ux; +uzxs,

21

where u;, u,, and us are the coordinates of the point P in
{a; x4, x5, x5} and a is the striction curve of R(s, t). Based on the
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generator trihedron formulas in (19), we can express the first
derivative of the equation (21) wrt. the arc length o with the
following equation.

ar”
E = 21x1 + szz + 23.7(,'3
5 - duy N 1
1T g ™ 5 5
kl + kz
(22)
du kiky — ko ki
22 - d—2+u1 —U3 12 2 1/
7 (ky* +ky?) 72
du kiky — kokq
23 — _3+ u 172 2%

2 37
do (k12 n k22) /2

where X;, (i = 1,2,3) are the rates of change of the absolute
coordinates of the point P in {0; i, j, k}, and %, (i=1,2,3) are
the relative coordinates’ rates of change of the point P in
{a; x4, x5, x3}. On the other hand, if the point P is a fixed point in

{0; i,j, k}, then it will be true that 2—: = 0. Hence, we can write
the equation (22) as

5 - duy 1 —0
1 do t 5 5 B
k" +k,
du k ik} — k,k;
22: d—2+u1_u3% =0 (23)
o (k12+k22) 2
du kik) — k,k;
T, = 3+u 1K2 2R -0

s :
do (k2 + k,?) /2

For a curve that adjoint to a ruled surface, the equations in
(23) can be called as the fixed point conditions according to the
Type-1 Bishop frame with the generator T.

3.1.2. The Generator is M,

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector M, of the curve a(s) according to the
arc length parameter s with

R(s,t) = a(s) + tM;. (24)
Also, since %.% = —k,; # 0 according to Theorem 1, the

directrix curve a(s) can not be taken as a striction curve.
Consequently, the striction curve can be found with
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(da dMl)
ds’ ds

b(s) =a(s)— @Egzlwd@
ds (25)
1
= a(S) + _Ml(S).
kq
Then, the ruled surface in (24) can be rewritten as
R(s,t) = b(s) + tM;. (26)

Therefore, the generator trihedron of the ruled surface R(s, t) can
be expressed by
amy
d
x2:|dn;1 :—T, x3:M2.
ds

X1 = Mll (27)

The relationship between ¢ and s is Z—Z = k;. The differential

formulas of the generator trihedron are given with the following
equation.

db

% = /1x1

dxy

do *2

(28)

de
E = —Xq + pPX3

d.X'3

- e

in which the kinematic invariants are shown below:
PR 0, and ks (29)
=—, =0, an =—-—,
PR F="5

The adjoint curve r* of the ruled surface R(s, t) can be written as

" =b+71=>b+ux;+uyx; +us3xs, (30)

where uy, u,, and u; are the coordinates of the point P in
{b; x4, x,, x3} and b is the striction curve of R(s, t). Based on the
generator trihedron formulas (28), we can express the first
derivative of the equation (30) wrt. the arc length ¢ with the
equation below.
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ar”
do = lel + szz + Z3X3
du, k1
21 = E — Uy + k_13
(€2)
du, 5
22 = E + Uuq + Uz k_1
dus k,
Y, = —— _£
3T 4o X

On the other hand, if the point P is a fixed point in {0; i, j, k}, then

it will be true that ':: = 0. Hence, we can write the equation (31)
as
du, k1
Y11= ——u+—~ =0
du, k,
YYo= —+u tuz— =0 (32)
2 do 1 3 i,
du3 kz
Y3 = —— Uy — = 0.
3 do %k,

For a curve that adjoint to a ruled surface, the equations in (32)
can be called as the fixed point conditions according to the Type-
1 Bishop frame with the generator M.

3.1.3. The Generator is M,

The ruled surface R(s,t) in (16) can be written by taking the
generator as the unit vector M, of the curve a(s) according to the
arc length parameter s with

R(s,t) = a(s) + tM,. (33)
Also, since %.dd—lzz = —k, # 0 according to Theorem 1, the

directrix curve a(s) can not be taken as a striction curve.
Consequently, the striction curve can be obtained as

(da dMZ)
ds ' ds

b(s) = a(s) - (%)2 M, (s)
ds (34)
1
a(S) + _Mz(S).
k
Then, the ruled surface in (33) can be rewritten as
R(s,t) = b(s) + tM,. (35)

Therefore, we can express the generator trihedron of the ruled
surface R(s, t) as
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xlez, xz =—T, x3=xlxe=_M1. (36)

The relationship between o and s is Z—: = k,. The differential
formulas of the generator trihedron are

=2
do 1

dX1 _
do
< 37
dx,

— =—x{+px
do 1T PX3

X2

dx:;
—_ —DX
do pXx2

in which the kinematic invariants are expressed as follows:

i i 0, and k (38)
=——%, 1=0, an =-—.
i =1

The adjoint curve r* of the ruled surface R(s, t) can be written as
r"=b+1r=>b+ux;+ux, +uzxs, (39)

where u;, u,, and u; are the coordinates of the point P in
{b; x4, x5, x3} and b is the striction curve of R(s, t). Based on the
generator trihedron formulas (37), we can express the first
derivative of the equation (39) wrt. the arc length o with the
following equation.

ar*
E = lel + szz + 23X3
du, k5
(40)
du, ky
22 = E + Uy —us k_z
dus k,
o= —tu,—
3T 4o T2,

If the point P is a fixed point in {0; i, j, k}, then it will be true that
dr*

= 0. Hence, we can write the equation (40) as

da
I = %—uz—kk—; =0
z, = %+u1 u3lli—z =0 (41)
3 = %+u2;§—: =0.
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For a curve that adjoint to a ruled surface, the equations in (41)
can be called as the fixed point conditions according to the Type-
1 Bishop frame with the generator M.

3.2. Type-IlI Bishop Frame {a; N{, N,, B}
3.2.1. The Generatoris N,

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector N; of the curve a(s) according to the
arc length parameter s with

R(s,t) = a(s) + tN{(s). (42)
. da dNq .
On the other hand, since ek T.(—uB) = 0 according to

Theorem 1, the directrix curve a(s) can be taken as a striction
curve. Therefore, we can express the generator trihedron of the
ruled surface R(s, t) as

x1=N1, x2=—B, x3=x1><x2=N2. (43)

The relationship between o and s is 2—: = u,. The differential

formulas of the generator trihedron are given below:

da
E = lxl + 77x3
dx;
do 2
(44)
de _ n
do X1 T pX3
de _

in which the kinematic invariants can be written as follows:

A= —sing L cosg He (45)
=—sin¢, n=——cos¢p, p=-——.
H1 H1 M1

The adjoint curve r* of the ruled surface R(s, t) can be expressed
with

rr=a+r=a+ux;+ux; +usxs, (46)
where u;, u,, and u; are the coordinates of the point P in
{a; x4, x5, x3} and a is the striction curve of R(s, t). Based on the

generator trihedron formulas (44), we can express the first
derivative of the equation (46) wrt. the arc length o as follows:
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ar”*
E = ‘Plxl + l'pzxZ + LP3x3
T +—si
1= U, - sin ¢
47)
du, 2
lpz = E + u1 - u3 L
du 1
p,= 2~ cos @

However, if the point P is a fixed point in {0; i, j, k}, then it will
be true that % = 0. Hence, we can write the equation (47) as

du, 1
l'p1= E—u2+#—1$1n¢ =0
du, 2
l'p2= E+u1_u3_1 =0 (48)
dus py 1
Y; = do 2—1——1cos¢ =0

For a curve that adjoint to a ruled surface, the equations in (48)
can be called as the fixed point conditions according to the Type-
1 Bishop frame with the generator N.

3.2.2. The Generator is N,

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector N, of the curve a(s) according to the
arc length parameter s with

R(s,t) = a(s) + tN,(s). (49)

On the other hand, since %.% =T.(—u,B) = 0 according to

Theorem 1, the directrix curve a(s) can be taken as a striction
curve. Therefore, we can express the generator trihedron of the
ruled surface R(s, t) as

x1=N2, xZ—B, X3=x1>(x2=—N1. (50)

The relationship between ¢ and s is Z—Z = pu,. The differential

formulas of the generator trihedron are:
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da _ Axq +
do X1 T 1X3
dx1 _
do X2
(51
dx,
do - Xt pxs
dxs
- P
in which the kinematic invariants are given as follows:
1 1
A=——cos ¢, e (52)

n=——sing, p=—.
Ha Ha Ha

The adjoint curve r* of the ruled surface R(s, t) can be written as

r"=a+71r=a+ux;+ux; +uzxz, (53)
where u;, u,, and u; are the coordinates of the point P in
{a; x4, x5, x3} and a is the striction curve of R(s, t). Based on the
generator trihedron formulas (51), we can express the first
derivative of the equation (53) wrt. the arc length o with the
following equation.

ar*
% = ‘Plxl + ‘P2x2 + lp3X3
v = du, 1
1= I Uy ) cos ¢
(54)
du, 1
‘Pz = % + Uq u3 _2
du 1
Y, = — uzﬁ——sinq’)
do 2%} 2

On the other hand, if the point P is a fixed point in {0; i, j, k}, then
it will be true that % = 0. Hence, we can write the equation (54)

as
du, 1
Y, = E—uz——zcosqﬁ =0
du, H1
l{»’2= E+u1 u3E =0 (55)
dus o1
l{»’3= %+u2—2——251n¢ =0

For a curve that adjoint to a ruled surface, the equations in (55)
can be called as the fixed point conditions according to the Type-
1 Bishop frame with the generator N,.
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3.2.3. The Generator is B

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector B of the curve a(s) according to the
arc length parameter s by

R(s,t) = a(s) + tB(s). (56)
. da dB .
Also, since LT T.(u N4 + u,N,) according to Theorem 1,

we can express the striction curve as
(da dB)
ds " ds

(&)

b(s) = a(s)— B(s).

In the above equation, since

da dB
(E.E)B(s) _T (u1Ny + u;N,)
dB\? dB\?
(&) (&)
we can not take the curve a(s) as a striction curve. Therefore, the
striction curve is

B(s) # 0,

H1sing — p; cos ¢
uFu

On the other hand, the generator trihedron of the ruled surface
R(s,t) is

b(s) = a(s) —

B(s).

=B x _ N1+ N, X _ Ny — Ny 57)
1= 2~ ’ 3~ .

VIE + 13 VI + 3
The relationship between o and s is Z—: =/uf +p5. The

differential formulas of the generator trihedron are:

da
% = /’lxl
dxy
do
{ (58)
dxz

— = —Xq1 +px
do 1T PX3

X2

dx3 _

- P

in which the kinematic invariants are given as follows:

(u1 + pz) sing + (uy — p3) cos @

1=
W + )z
_ 2(uipisin@ — p3u; cos d)
@+’ G
=0 wph — o
p= 3

3
W +u3)72
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Remark 2: It should be noted that the kinematic invariants have
a relationship with the torsion of the directrix curve a(s), since

Jui+ps =1

The adjoint curve r* of the ruled surface R(s, t) can be written as
r"=a+71=a+ux;+ux; +uzxz, (60)

where u;, u,, and u; are the coordinates of the point P in
{a; x1, x5, x3} and a is the striction curve of R(s, t). Based on the
generator trihedron formulas (58), we can express the first
derivative of the equation (60) wrt. the arc length o with the
following equation.

dr” Y + V. + ¥
—_ = X X X
dO' 141 2742 313
" du,
= —-u
1 dO' 2
, , 61
du, Haly — Paly (61)
¥, = d_+u1_ 3 2 3,
o (.U1 +us)’2
du 5 — / sin ¢ + u, cos
w, = 3, fate Tl ¢ + p,cos

do " (2 4 u2)”2 ui+u

If the point P is a fixed point in {0; i, j, k}, then it will be true that
dar*

= 0. Hence, we can write the equation (54) as

do
W = duy =0
15 4o Uz =
v, = @Jru _ Hily — Patly —0
Tode T P (€2)
_ dug My — popty | HaSIn@ +pycosdp
Wy, = =0.

dus
do " (2 + )z M u

For a curve that adjoint to a ruled surface, the equations in (62)

can be called as the fixed point conditions according to the Type-
1 Bishop frame with the generator B.

4. Examples

In this section, first, we present the Type-1 and Type 2
curvatures, and kinematic invariants and thereafter illustrate four
examples of ruled surfaces and their adjoint curves.

Let us take a unit speed curve in E3 by

a(s) = <%coss,%sins,§s>, la' ()]l =1 (63)

The curve a = a(s) can be seen in Figure (3).
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[ N = ( 1 1.1
+ _ 1= cos5S.coss — o sinzs.sins,
72— ..._.- -
1 T 1 + 1 1
. % coszs.sins +sinzs.coss, (69)
*] V31
5 sinzs
N, = (lcosls .sins — sinls. coSs s,
2 2 2
0.4 0.z 0o o7 04
¥ —lcosls.coss+sinls.sins,
272 2 (70)
Figure 3: Directrix curve a = a(s).
) V3 1
One can calculate its Frenet—Serret frame components as follows: — 5 coszs )
= (—lgps t V3 V3 V3 1
T = ( ZSlnS.ZCOSS,Z) s B = <7sinsl—7cos_g,z)_ (71)
N= (—coss,—sins,0) 2 ) . .
A (64) Also, the Type-2 Bishop curvatures can be determined with
_ (V3. V3 1 T= .
B = (7sms,—7coss,5) V3 1 V3 1
= ——coscs, = ——sin=s.
Uy 50555, Ha S sings (72)
Next, we can find the Type-1 Bishop trihedra of a(s) by using the
. _ sﬁ _ ﬁ .
equations (4) and ¢(s) = fo S ds = —sas: 4.1. Example 1:
1 1 V3 The ruled surface R(s, t) in (16) can be written by taking the
T = (— ESin S, cos s,7> (65) generator as the unit tangent vector T in (65) the curve a(s) in
(63) according to the arc length parameter s as follows:
V3 YERE
M, = (— C0S—-5.C0S§ — —-sin—-s.sins, R(s,t) = (%coss,%sins,?s)
(73)
1 1 V3
V3 . V3 . V3 +t| —=sins,-coss,— ).
—C0S——s.sins + —sin—-s.coss, (66) 2 2 2
2 4 2
1 Additionally, the kinematic invariants are A = 2,7 =0 and p =
- ESin S ) /3. This ruled surface’ adjoint curve can be written by using the
equations (65), (66), and (67) as
V3 Vi 3 *
M, = —sin—s.coss + —cos—s.sins, r = a+r
2 4 2
1 1. 3
\3 V3 \3 = —coss,=sins,—s | +uyT
—sin—s.sins ——cos—s.cos s, 2 2 2
2 4 2 (67) (74)
1 n (uz + us)k, M.+ (uz —u3)k, M
5 cos s) 5 5 ! 2 5 z
Also, the Type-1 Bishop curvatures can be determined with One can see the relationship between this ruled surface in (73) and
its adjoint curve below from Figure (4).
. V3 4 ool V3
1—§COS7S an Z—ESIHTS (68)

Moreover, we can find the Type-2 Bishop trihedra of a(s) by
using the equations (6) and ¢(s) = fos %ds = %s as:
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Figure 4: The ruled surface R(s, t) in (73) with the
generator T and its adjoint curve in (74).

4.2. Example 2:

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector M4 in (66) the curve a(s) in (63)
according to the arc length parameter s as follows:

Ry = (% IRE]
s, = |gcoss,sins,—-s
( V3 V3 V3
+t| —cos—5.coss ——sin—s.sins,
4 2 (75)
V3 N V3 3
cos—-s.sins + —-sin—-s.coss,
1 . )
5sins ).
.. . .. . sinﬁs
Additionally, the kinematic invariants are 1 = —2\/3—=2—,
(COS?S)
n=0andp =— tangs. This ruled surface’s adjoint curve can
be written by using the equations (65), (66), and (67) as
" = b+r
1 1. 3 r
= |gcoss,gsins,—s | -u,
(76)
+|u +2 = M+ uzM,.
cos—s

One can see the relationship between this ruled surface in (75) and
its adjoint curve (76) from Figure (5).

e-ISSN: 2148-2683

Figure 5: The ruled surface R(s, t) in (75) with the
generator My and its adjoint curve in (76).

4.3.

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector Ny in (69) the curve a(s) in (63)
according to the arc length parameter s as follows:

Example 3:

1 1 V3
R(s, t) = (Ecoss,zsins,Ts)
1 1 1
+t(—cos—s.coss——sm—s.sms,
2 2 77
1 1 1 a7

—(C0S—=s.sins + —=sin=s.coss
2 2 2 ’

V3 o1
> sinzs ).
Additionally, the kinematic invariants are 1 = —\%tanis, n=
% and p = — tanis. This ruled surface’ adjoint curve can be
written by using the equations (69), (70), and (71) as
r = a+r
1 1 3 CUN
= |gzcoss,zsins,—s |+ wu, N, (78)
—u,N, + u3B.

One can see the relationship between this ruled surface in (77) and
its adjoint curve (78) from Figure (6).
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Figure 6: The ruled surface R(s,t) in (77) with the
generator Ny and its adjoint curve in (78).

4.4.

The ruled surface R(s, t) in (16) can be written by taking the
generator as the unit vector N, in (70) the curve a(s) in (63)
according to the arc length parameter s as follows:

1 1. V3
Ecoss,imns,?s

Example 4:

R(s,t) =

ve(teosts 1
t(ECOSES.SlnS—SIHES.COSS,

1 1 o1 .
—Ecosis.coss +sm§s.sms,

(79)

—7COSES

V3 1 )

2 ot —
Feotys, =7
and p = COt%S. This ruled surface’ adjoint curve can be written
by using the equations (69), (70), and (71) as

Additionally, the kinematic invariants are A =

r = a+r
1 1. 3
= ECOSS'ESIHS'TS +uy N, (80)

_uzB - u3N1.

One can see the relationship between this ruled surface in (79) and
its adjoint curve (80) from Figure (7).
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Figure 7: The ruled surface R(s,t) in (79) with the
generator N, and its adjoint curve in (80).

Remark 3: The ruled surface R(s,t) in (16) with the generators
M, and B with their adjoint curves can be expressed similarly.

5. Conclusion

In this paper, we examined the adjoint approach between a curve
and a ruled surface based on Type-1 and Type-2 Bishop frames.
First of all, we expressed the ruled surface and its generator
trihedron by using the components of the Type-1 and Type-2
Bishop frames. Also, we determined the fixed point conditions for
a curve adjoint to a ruled surface according to the Bishop frame.
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