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Abstract

In this paper, new iterative method is proposed based on parametrization for solving Integer Linear Programming (ILP) problems with
four variables and an algorithm is provided. Our method, which is better than the cutting plane method and branch and bound methods
in solving ILP problems with four variables, can be easily applied regardless of the number of constraints. In addition, in our method,
all alternative solutions are found and presented to the decision maker. A numerical example is solved by applying the proposed method.
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Dort Degiskenli Dogrusal Tamsayili Programlama Problemlerinin
Cozimiu Icin Yeni Bir Alternatif Algoritma

Oz
Bu ¢aligsmada, dort degiskenli Tamsayili Dogrusal Programlama problemlerinin ¢dzliimii i¢in parametrizasyona dayanan yeni iterativ bir
yontem Onerilmig ve bir algoritma sunulmustur. Dort degiskenli DTP problemlerinin ¢dziimiinde kesme diizlemi yontemi ve dal-sinir

yontemlerinden daha iyi olan yontemimiz, kisitlama sayisindan bagimsiz olarak kolaylikla uygulanabilmektedir. Ayrica yontemimizde
tiim alternatif ¢oziimler bulunur ve karar vericiye sunulur. Onerilen yontem uygulanarak sayisal bir drnek ¢oziilmiistiir.

Anahtar Kelimeler: Tamsayili dogrusal programlama, Dogrusal Diophantine denklemleri, Tamsayili programlama problemleri,
Optimal ¢6ziim.
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1. Introduction

Linear programming (LP) is a sub-field of operations research in
which the objective function and its constraints are written as
linear functions. Certain effective algorithms, such as the simplex
algorithm, are used to solve linear programming problems. In LP
problems, the variables are usually non-integer values, but the
quantities to be modeled are usually essentially integers. Linear
programming in which variables are only allowed to be integers
in this way is called integer programming (IP). Integer
programming (IP), also known as discrete optimization or
combinatorial optimization, helps in developing decision
strategies in a wide range of fields, from engineering to economics
or from management to the military field. In these features, it is
characterized as a sub-domain of mathematical programming that
is the most popular and widely studied. Many researchers have
also conducted studies in this area.

One of these researchers, Gomory presented a cutting plane
algorithm to otain the optimal solution for IP problems (Gomory,
1958); others solve the ILP using enumerative approaches, the
most popular of them is branch-and-bound (Chen et.al., 2011).
Important studies in this field (Joseph, 1995; Pandian and
Jayalakshmi, 2012; Tsai et al.,2008.; Mohamad and Said, 2013;
Genova and Guliashki, 2011; Hossain and Hasan, 2013; Shinto
and Susmaha, 2013) can be cited. Another important study in this
area was done by Bertsimas et al.. Bertsimas et. al suggested a
novel algorithm for solving IP problems that are based on
algebraic geometry (Bertsimas, 2000) . Tantawy introduced a
novel procedure for solving ILP problems with an objective
function of linear functions and with a constraint set of linear
inequalities, which are based on the conjugate gradient projection
method (Tantawy, 2014). Dang and Ye developed an alternative
method, called a fixed point iterative method, for integer
programming by constructing an increasing mapping that satisfies
certain properties (Dang and Ye, 2015). Pedrosa presented an
evolutionary algorithm for solving piire ILP problems. In this
algorithm, all the variables of the problem are fixed by the
evolutionary system (Pedrosa, 2002). In another study (Simsek
Alan et al., 2019), an alternative iterative method based on
parameterization was developed to solve pure ILP problems with
two variables. The method proposed in this study is easy to
implement, efficient, but can only be used to solve pure ILP
problems with two variables. Simsek Alan developed the method
presented by Simsek Alan et al. (2019) for solving ILP problems
with three variables (Simsek Alan, 2020). If this method given by
Simsek Alan is developed for solving ILP problems with four
variables, the obtained method becomes the basis for solving ILP
problems with n variables. For this reason, the development of
this method for solving ILP problems with four variables is of
critical importance, both theoretically and practically.

Therefore, in this study, a new iterative method based on
parameterization is developed for solving ILP problems with four
variables. In addition, an easy-to-apply and useful algorithm for
the solution of ILP problems with four variables is given,
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This paper is organized as follows: Section 2 includes
some necessary information. In Section 3 is given the proposed
approach. Sections 4 and 5 is presented our numerical example
and conclusions, respectively.

2. Preliminaries

Definition 1: The mathematical formulation of an ILP problem is
described below.

n
Max(Min) Z CjX;
j=1
P;: n
a;jxj < b;,
j=1
x =0 and integer,

(i=12,..m)

(Chen, 2011).

Definition 2: Consider the objective hyperplane

XCiX =z,

Where each ¢; € Z, which is a linear Diophantine equation in
integers. Let d = gdc(cj,¢; # 0,j = 1,2, ...,n). It has an integer
solution if and only if d|z . Additionally, if a linear Diophantine
equation has an integer solution, there will be infinitely many
solutions for this equation (Schrijver, 1986)

Theorem 1: (x; , x,, ..., X, , Z ) is a solution of the problem if and
only if (x; , x5, ..., X, ) satisfies all constraints of P; (Schrijver,
1986).

3. Results and Discussion

3.1. The Proposed Algorithm for Solving the Integer
Linear Programming Problem with Four Variables

The proposed algorithm to an ILP problem with four variables
consists of these steps:
Step 0: Load LP problem P;.
Step 1: Solve the relaxed LP problem P; to obtain the optimal
solution x*.
Step 2: If x* € Z™ , then this is the desired optimal solution x™.
Stop. If not, go to step 3.
Step 3: Set cTx = z*.
Step 4: Assign the parametric variables y;,V,, V3, Vs
to X, , X5, X3, X, respectively, and then replace them with cTx =
z*. Then find an arbitrary parametric variable from the linear
Diophantine equation ¢c”x = z*.
Step 5: Substitute these parametric variables into Xy , X, X3, X4 in
the inequality system.
Step 6: Find the domain interval a, < y; < b, for an arbitrary
parametric variable y; from {y; ,¥,, V3, Va}.
Step 7: Set a = |a,] (Where |a,| is the greatest integer less than
or equal to a; ) and assign ato y;.
Step 8: Put a in y; in the system of inequalities.
Step 9: Draw the system of inequalities.
Step 10: Check if there are integers points belonging to the two-
dimensional region. If there are integer points belonging to the
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two-dimensional region go to step 11. Otherwise, put b into y; and
go to Step 8.

Step 11: If there are integer points belonging to this region
obtained, the value of the parametric variable is calculated using
these integer points. If the fourth parametric variable is an integer,
the desired optimal solution x* is found. If the fourth parametric
variable is not an integer, or there are no integer points of the two-
dimensional then in the maximization problem
(minimization problem), z* is replaced by |z;p] —1 (lz,p] +1
) and go to step 3.

region,

3.2. Numerical Experiment

Example 1. Consider the following ILP problem.
Step 0:

P, Max 9x; + 5x, + 6x3 + 4x,

Subject to
6x, + 3%, + 5x3 + 2x, < 10
X3+x, <1
—x1+x3 =50
—X, + %4 <0
%20, x, 20, x3 =0, x, = 0, and integers.
Step 1: 1f we solve the relaxed LP problem, P;: (x;, X3, X3,%,) =
(0,2.66,0,1) and optimal value z = 17.33 are found.
Step 2: There exists no integer solution; go to Step 3.
Step 3: Set 9x; + 5x, + 6x3 +4x, = 17 .
Step 4: If you set x; = y;,x, =y, ,%3 = y3,and x, = y,, you
get the Diophantine Equation 9y, + 5y, + 6y; + 4y, = 17.
From this Diophantine Equation y, = w is
obtained.
17-(9y1+6y3+4 Ya)
5
X, , X3 and X, in the constraints, the inequality system
=3y = Ty3+2y, 21
3+ <1
Y1 +y3=0
9y, + 6y; +9y, <17
is obtained.

Step 5: Substituting y;, , y3 and y, for x,

3.1)

Step 6: From this system of inequalities, the domain interval 0 <
¥y, < 1 for the parameter y, is obtained.
Step 7: Sety, = 0.
Step 8: If 0 is substituted into y, in the inequality system given in
(3.1), then the following inequality system is obtained.

=3y —7y; 21

y3 <1
—Yy1t+y; =0

9y, + 6y; <17
Step 9: Draw the two dimensional region of the inequality system
given in (3.2).
Step 10: Since there are no integer points in the two-dimensional

(3.2)

region, set y, =1 and go to step 8.
Step 8: If 1 is substituted into y, in the inequality system given in
(3.2), then the following inequality system is obtained.
3y; +7y; <1
y3<1
—y1+y3<0
9y, + 6y; <8
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(3.3)

Step 9: Draw the two dimensional region of the inequality system
given in (3.3).

Step 10: There is a point (y; ,y3) = (0,0) in the two-dimensional
region of the inequality system given by (3.3).

17-(9y1+6Y3+4 ¥4)

. , if 0 is substituted

Step 11: In the equation y, =

. . . 13 . . . 13
into y4, 0 into y5, and 1 into y,, y, = < is obtained. Since - ¢

Z*, the optimal value z* cannot be 17. For this reason, the optimal
value z* is taken as 16 by decreasing it by one unit and and If you
go to step 3 and apply the steps of the suggested algorithms, for
the optimal value 15, The Diophantine equation

9y, + 5y, + 6y; + 4y, = 15 is obtained. From this
Diophantine Equation, y, = w is obtained.
Substituting y;, 15-(5ys+6ya+474) ,¥3 and y, for x;, x,,

5
x3 and x, in the constraints, then the inequality system
3yi+7y; -2y, <5
ystms1
~y1+y3 <0
9y, +6y; +9y, <15
is obtained. From this system of inequalities, the domain interval
0< y, <1 forthe parameter y, is obtained. According to the
steps of the algorithm, if this inequality system is solved, the
integer point (y; , V3, ¥s ) = (0,0, 0)is found. In the equation

y, = M, if 0 is substituted into y;, 0 into y;,
and 0 into y,, y, =3 is obtained. Since 3 € Z', the point
(0,3,0,0) is an integer solution for the optimal value 15. In
addition, to investigate whether there is an integer solution for
y=1, if you go to step 8 and apply the steps given in the algorithm,
it is seen that there is no optimal solution to the problem except
(0,3,0,0). The results of Example 1 are summarized in Table 1.
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Table 1. Summarized results of Example 4.1

Is there at least

Optimal Inequalities with respect | one integer point Isy, Is (V1,Y2, Y3, Ya)
value Inequality systems to the point (yy,ys ¥1,V3) satisfyin | an integer? an integer solution?
Y2 Va p y
z" g the inequality?
—3y1=7y321
y3=1
0 —y1t+ty;=0 No No No
=3y1=7y3+2y, 21 9y1 +6y; <17
+y<1
17—(9 4 V3 4
17 (91 ‘;63’3 +4y.) Y +ys <0 3y1+7y; =1 No
9y; +6ys + 9y, < 17 y3 =0 13
1 —y+y; <0 (0,0) <_> No
9y, +6y; <8 >
3y, +7y3 < 4
y3=1 No
0 ity <0 0.0 10 Ne
3y1+7y;3 =2y, <2 9y, + 6y; < 16 5
Y3t yus1
16 — (9 6 4
16 (91 +6y3 +4y,) Y +ys <0 3y1 +7y; <0
5 9y, + 6y5 + 9y, < 16 y3<0 No
1 Y1 +y3=0 (0,0) (E) No
9y, + 6y; <7 5
3y1 +7y; <5
0 yiS 1< . ©.0) Yes ©,3,0,0)
Sy, + 7y — 29, <5 Y1 TY3 2 > 3 ( Integer Solution)
[ 9y, + 6y; <15
15— (9y, + 6y5 + 4 Ys T Ya =
15 ( yﬁ; Y3 +4y4) i +y, <0 3y, +7y; < 7
9y1+6y; +9y, <15 y3 =0 no
] 93 <0 0,0) ( 2) No
9y, + 6y; <6 5
e-ISSN: 2148-2683 84




Load LP probiem P1
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Step 2: Is the optimal solution x
an imleger point?

Salve LP problem P1

Increase [ decrease] the optimal walue
T ane unit

i

e-ISSN: 2148-2683

Step3: Set & 1 =12

:

Step 4: Assign paramelric variables to variable (¢, . x,, 1) and pul parametric variables in
the equation Tx=1",

|

Step 5 Substitute these parametric variables into in the constraings.

!

Step 6z Find the domain interval for an arbitrary parametric variable

l

Step 71 Assign the least Integer value belonging to the domain interval as the
value of the parametric variable.

z ane unit

|
1
Step &: Substitute this assigned integer value in the inequality

Sy Ebam,

W

Increass | decrease) the ogptimal value

Assign the greatest nteqer of the domain
intersal as the value of the parametric

No

Step 9: Draw two dimensional region of the inequality system. Yes|

Step 10: |5
there at lnast ane
integer point Belonging to the
two-dimensional
region?

I5 this asskgned
inegper vale in the
inequality system the greatest
infeger belonging 1o the
domain inferval?

assigned integer
walue in the inequality
system the greatest mieger
belonging o the
domain
interval

Is tha fourth
parametric variable

integer

Step 11: Calculate the fowrth parametric variable value using this integer
paini.

fis

i
The desined integer salution is found. (1. x;, 00 %) iS the optimal solution of ILP I

problem.

Ea

Fig. 1 The flow chart of the proposed solution Method
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4. Conclusions

This study proposes, using basic algebraic geometry information,
a method for solving ILP problems with four variables and
presents an easily applicable alternative algorithm. Many methods
used for solving ILP problems have some difficulties in terms of
calculation and process time. Our method is free of such
difficulties and has many advantages compared to other methods
that are used for solving ILP problems. These advantages are as
follows:

1. Integer programming problems are complex problems in
terms of calculation and process time. The approach
developed in the present study has no complexity and,
thus, requires a very short process time.

2. Since only a small portion of the appropriate solution
area is addressed in the branch-bound technique, many
possible solutions might be ignored. However, no
optimal solution is ignored with our method because all
appropriate solutions are investigated.

3. As the number of constraints increases in the branch-
bound and the cutting plane method, a serious load of
process emerges. In our method, by contrast, the optimal
solution is easily accessible independently of the number
of constraints.

4. The graphical method can only be used for the solution
of ILP problems with two variables. However, the
proposed method can be used for the solution of ILP
problems with four problems.
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